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Lesson 1

The advection-diffusion
equation: manipulating tensors

1.1 Einstein notation, and tensor notation

Our goal is to obtain the advection-diffusion equation using indicial notation, or

Einstein notation:
oc Jc 8%

E * uia_x,- B (?x,-ax,- '
Above, ¢ is mass concentration, u; are the components of the velocity in a fluid,
and D is the diffusivity. Diffusivities of many kinds appear in different physical
contexts. Later on, we will sophisticate things a little bit and consider directional
diffusivities, so that the right-hand side of the equation above will become

i
’jax,ﬁxj'

But for now, let us keep it simple.

Einstein’s or indicial notation is quite convenient to shorten expressions involv-
ing vectors and tensors (for the time being, accept the word “tensor” and consider
it a creature that is like a vector, only bigger and more powerful).

For example, the expression

dc
U; 5_x,
is a condensed form of writing
o 0 0
dx Iy oz’

where we can “see” that there is a velocity vector u = (u, v, w) in the expression. In
this way, there is a sum of 3 terms: how can we summarize it within a summation
sign? The best way seems to be to rename the elements of u, as well as the
coordinate axes, in the following way:

u—u X — X1
U — U Yy—Xx2
w — U3 zZ— X3

With that, the expresion has become
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The cherry on the cake is Einstein’s convention:

If an index appears repeated in an expression, the latter must be read
as a sum with the index varying (for stuff happening in R?) from 1 to
3.

Let us return to our original expression,

be b o
ot laxi B axiaxi ’

and now let us open it up using Einstein’s convention. It becomes:

@_I_ Jc Jc ﬁ_ ¢ N ¢ . ¢
ot 0x1 0x> 0x3 - 0x10x1 0x20x7  0x30x3 '

We conclude that Einstein was a rather frugal fellow.
Since we are so close to the subject, let us remember: given the vectors

u = (u,v,w),
a=(ab,c),

their dot product is
u-a=ua+vb+wec.

Using Einstein’s notation,
u-+a=uya) +uxay +uszasz = u;a;.

Now, going quickly back to the left-hand side of the advection-diffusion equation,
we see the dot product between the vectors

(ur,ug,u3)  and ( fc dc O )

Ox;” 0xy’ Ox3
The second term above is the gradient of the concentration c:

gradczVCE(ac Oc Bc).

ox 1 ’ 8x2 ’ 63(3
The divergence of a vector g is defined (in cartesian coordinates) as

. dg1  0g2 dg g,
d =V.g= —+ —+— = .
Vg g 0x1 * Oxy Ox3 Ox;

Note that grad and div can be interpreted symbolically as operations involving a
“pseudo-vector”

(0 9 0
In this highly metaphorical way, grad c is interpreted as the pseudo vector V post-
multiplied by the scalar ¢, and div g is interpreted as the dot product between the
“vectors” V and g.

Let us now return to the advection-diffusion equation: we can immediately

recognize that
dc
ui— =u-Vec.
' 6)(1'
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This means that we can rewrite our equation:

% +u-Ve=D o
ot B axiaxi '

But now we have two different notations on the two sides of the equation, which is
aesthetically unpleasant. Is there a corresponding tensor notation for the right-hand
side? Yes: first note that the right-hand side is a divergence:

%c 8% 8%c 8[80] 8[50} 8[&}

0x10x1 * 0x20x7 * 0x30x3 - a_x1 8_xl * c')_xz H_xz a_m 0x3

But now, inside the square brackets, we see the components of V¢! Therefore, the
advection-diffusion equation can be written in the form

%+u-Vc:D(V-Vc).

This last expression is so common that it has received a name, the Laplacian:

¢

Vie=V.Ve= ,
¢ ¢ axlﬁxi

and now is a good time for a break =

1.2 Material balances: conservation of mass

Where does the advection-diffusion equation come from? How is it obtained? It
comes from a “global” mass balance for the substance whose concentration is c.
Here is the idea: consider a region, which we will call %, in a fluid. The region
has a volume, is “closed”, and has a bounding surface that we will call .. Now
suppose that in the fluid is mixed a scalar (that we shall call “scalar A”, or simply
“A”).

In continuum mechanics, macroscopic quantities are always defined, in a
postulatory way, as quantities derived from continuous functions valid at each
point in space. Consider for example the total mass of A inside of ¥". We will
assume that there is a continuous and differentiable function, the density of A (that
we shall call p4), whose integral gives the total mass of A:

My = / palx, H)dV.
(6)

It is well to remember that the integral above is a triple integral. If you do not
remember the details, look the subject up.

It would be great if the mass of A inside the material volume ¢ remained
constant. However, we cannot avoid that A enter or leave % due to diffusion.

Indeed (for example) mix some salt in distilled water, and place the solution
in a small plastic bag of 200 ml (and remove all the air from the bag). Next, place
the bag in a bucket with 10 I of distilled water, and open the plastic bag as fast as
possible (or simply make it disappear in a split second). Instantly, € is given by
the region occupied by the just-removed plastic bag, the recently gone bag itself
defining the boundary of C, which is the border between salty and distilled water.
You can now fix mentally this region and its surface .¥: inevitably, the salt will
diffuse across . and out of ¢, as nature tries to establish equilibrium inside the
bucket as a whole.
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This is a good example. It reminds us that there exists “distilled water”: there
is a pure substance B, the solvent, and another pure substance A, the solute. B has
its own density and mass:

MB=/PB(x,t)dV-
@

Note that B will also undergo diffusion: distilled water will diffuse into %" in our
example. The total mass of the solution, on the other hand, will not undergo
diffusion! The total mass in our binary system is

M= My + Mp.

The total density is
P =pAa+tpB.

In the postulatory approach of continuum mechanics, the total mass within %’ is

M:/p(x,t)dV.
%

The conservation law for M is simpler, because there is no diffusion involved; it is

Wy
dt

This simple form is good news. Alas, there are still complications. The main
problem is that usually ¢ is moving. Fluids move in general, and the velocity
field will advect € as each particle within it and on its boundary moves with the
velocity at its point. In continuum mechanics, € is a material region, or material
volume, or, more simply, a body. But now we need to find how to calculate the rate
of change of different physical macroscopic quantities present in %, such as its
internal energy, its mass, its momentum, etc.. For example, for mass the problem
is
dm
E’
M(t) = / plx, t)dVv.

%(t)

But, as we know, ¥ = %(t): we need to calculate the derivative of an integral
whose domain is itself a function of ¢. The solution is called the Leibniz rule in 1
dimension. In 3 dimensions, it is known in the fluid mechanics community as the
Reynolds Transport Theorem. The 1D version is

d [bt® () § f(x, 1) db da
a att) f(x, t) dx = —/aU) T dx + f(b, t)E - f(a, t)E

The 3D version, the Reynolds Transport Theorem, will come next. But first,
some notation. Fluid dynamicists have their own symbol for d/dt when the
derivative is calculated “following the flow”. Remember that € is begin advected
by the flow field, and this necessitates a vector function, defined at each point in
space and instant in time, that is (most of the time) continuous and differentiable
as many times as needed: the velocity u(x, t).

For the Leibniz rule, the velocity field is one-dimensional, # = dx/dt. The
boundary is just the two end points a(t) and b(t), with velocities da/dt and db/dt.
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Fluid dynamicists emphasize this point by writing the total derivatives with an
uppercase D, and call the resulting derivative the material derivative. The fluid
mechanics version of the Leibniz rule, therefore, is

b(t) b(t)
2 f(x, t) dx = / M
a(t) ot

Db Da
d b, t)— — —.
Dt Ja) x+ f(b, )Dt f(a, )Dt

With notation fully defined, here is the Reynolds transport theorem:

%[gfdvz/%%dV+j{y(n°[fu])dA-

Above, f is any scalar function of space and time f(x,t), and u is shorthand for
u(x,t). The vector n is the unit vector pointing outwards at each point of the
surface . of the body €. The second integral on the right-hand side is an integral
over a closed surface, and therefore we used the symbol f .

Application of the Reynolds Transport Theorem for total density p, together
with the principle of mass conservation, leads to our first conservation law in a
mathematically useful form:

D
0=— [ pdv,
¢

Dt
D ap
— dVv = —dV . dA
Dt[,;p /?;at +y§<n[pu]> o

_ [ 9p
0—/%EdV+‘7£ﬂ(n-[pu])dA.

The last equation above is the law of conservation of total mass in a fluid whose
density is p(x, t), and whose velocity field is u(x, t). In indicial notation, it reads

0
O=/—pdV+% ni(pu;) dA.
¢ Ot K%

The two integrals above are different: one is a triple (volume) integral, and the
other is a double (surface) integral. Moreover, although already very useful, the
equation is a global or macroscopic balance. It is usefull for bulk estimates in finite
regions of the space. Typical applications involve simplifying hypotheses on the
variation of p and u in space and time, so that the integrals can be calculated, and
useful relations obtained among a small number of physical quantities involved in
the problem. For a lot of very good examples of this control-volume approach for
integral balances, the book by Fox et al. (2006) is an excellent source.

But one can obtain much more. We can derive an equation valid at each point
in space-time, that represents a local balance of mass. For this, all that is needed
is the beautiful theorem attributed to Gauss (but for the whole story, see Katz
(1979)): Gauss’s theorem or the Divergence theorem. Let v(x) be a vector field
with enough smoothness to be continuous, differentiable, etc., as needed. The

theorem reads
j{ (n-v)dA= / (V-v)dv.
4 4

ov;
% nividA:/ﬁdV.
7 © Ox;

In indicial notation,
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Back to the integral mass balance, the second (surface) integral can be con-
verted into a volume integral by means of the divergence theorem:

§ mpuyaa= [ 2 ay

The equation for mass conservation then becomes

/ P 4v + / a(p”)dv,
0x;
- [ [@ )
| Ot ox;
It is very tempting to assert that the term within square brackets is null. Of course,
if it is, the integral equation holds true, but that is not enough. What we need is
that the last equation above imply that the term within brackets is zero. But this
is indeed the case, for the following reason: ¥ is arbitrary. The integral mass
balance is valid for any material volume %’. In other words, we can choose literally
any € for the balance. The mass balance equation is universal, and holds for any
of these &’s. The only way to garantee this, of course, is if the term within brackets

is always equal to zero, and that leads us, finally, to our local or differential mass
conservation law:
dp . d(pu;)

ot (')xi

and now is a good point to end our lesson =

=0,



Lesson 2

Diffusion and tensors, continued

2.1 The advection-diffusion equation (finally)

All the essential elements of the beautiful machinery that retrieves mathematical
expressions for each of the conservation laws available from Physics are already in
place. Its application will lead to all of these laws in convenient global and local
forms. It is not our job to derive all of them: this is not a fluid mechanics course
(although I am guilty of a fluid-mechanical bias), but an applied math course. We
do not hesitate to wander a little further in fluid mechanics land (or should it be
sea?), however.

All of the remaining laws will need an extra ingredient: a constitutive relation.
We will only venture into diffusion. What is diffusion? How do you express it
mathematically?

Going back to our salt water imaginary experiment, salt mass is slowly moving
from regions of high salt concentration to regions of pristine distilled water. At
each point, there is a mass flux of salt. It is a vector, and we will call it j. How
is it defined? So that it will give the total mass of salt crossing a surface (in the
presence of a zero velocity field!) during a certain amount of time At. Now if .
is a surface, the total mass of salt crossing it during an interval of time At (starting
from O for the sake of simplicity) will be

v (n-j)dAdt
=0 J.&

Pay attention to the zero velocity field: diffusion is something that occurs “on
top” of the mean flow. Better still for our purposes: it happens relative to the
moving (with the mean flow) body %.

What does it mean in terms of a body % that contains a scalar A? That,
instantly, it is gaining or losing mass at the rate

My =

DMy
-~ ¢ (n-j)da.
s

The minus sign is due to the convention that n points outwards of the bounding
surface .#: think about it!

Before we move on, we need a few more things. First, we need the definition
of mass concentration of A. That is simple: we define c to be

o
1]

= PA =Cp.

> [P



LESSON 2. DIFFUSION, CONTINUED 11

Next, who is j? How do we evaluate it? This turns out to be an empirical law (not
directly derived from Physics, but consistent with physical constraints; in some
simplified settings we can actually derive these laws from first principles, usually
with the help of some statistics), that we will call a constitutive relation.

For j this is the celebrated Fick’s law:

. Jc
j=-pDVc=-pD—e;.
Ox i
We know p: it is the total mass density. c is the mass concentration just introduced,
and D is an empirical constant called the molecular diffusivity of A in B. The
gradient is there for a reason: the steeper the concentration differences, the greater
the flux will be; makes sense. The minus sign also makes a lot of sense, because
mass of A will flow “down the gradient”, i.e., it will flow from regions where A is
more concentrated to regions where it is less concentrated.
The new element above are the basis vectors ey, e;, e3. Remember your basic
Analytic Geometry stuff: if » is a vector, you can decompose it into three unit
vectors along mutually perpendicular axes as

v = ui+vj+ wk.

I am terribly sorry for having changed the meaning of j in the middle of the
argument: it is now the unit vector along the y-axis. But you get the point, and this
is how you learned it. We can quickly get rid of this inconsistency by rewriting

vV =uje| +uyep +uzes = u;e;.

The e;’s are the basis vectors, in our case three mutually perpendicular unit vectors
pointing alone the 3 coordinate axes x1, x; and x3.

The mass flux vector j (restored to its principal meaning in this lecture) is,
according to Fick’s law,

j = —pD ﬁe +ﬁe +ﬁe
J==F 6x1 ! (9)(2 2 aX3 3

With the help of Fick’s law, we calculate the rate of change of mass of A inside

a body ¥ as
DM A

f(n [pDVc]) dA.

This is the conservation law for the mass of A. But we also have Reynolds’
Transport Theorem, which reads, in this case,

DMy, D

_ Opa
Dr - D: pAdV . ot dV+‘7£ﬂ(n [pau]) dA.

We can combine the two above into

jf(n [pDVc]) dA = / dV+j§(n [pau]) dA.

Indicial (that is: Einstein’s) notation is always better to manipulate:

dc 0pa
‘é(nipDa—xi) dA—‘[g T dV+j§(nmw)dA
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We know the “drill”: the two area integrals can be converted to volume integrals
by means of the Divergence Theorem, as follows:

f o { & o]
f(nlpAu)dA /—(pAumv /

Putting everything together, we have
0 dc d(pc) / 0
dv = dv
/%axi( (9xl) /5 ot T ) ox,
dc
— - —|pD dv=0
ey (p cu;) % (p )}

‘[g Ox;

For exactly the same argument used previously for (total) mass conservation, the
bracket is zero; without ado,

), 2 - 2 0]

I would like to suggest that you always try to use the equation above: it is
in what we call conservative form. This is particularly important in numerical
implementations, because in this form it is easier to enforce mass conservation.
There is no room for elaboration here, but it turns out that many numerical schemes
fail to some extent to preserve mass. Beware.

Analytically, however, it is possible to simplify the equation further. For the
better or worse, this is what most texts do. Let’s show how. The left-hand side is
simplified with the mass conservation equation as follows:

or
6(pc) 0

d(pc) _ 0p dc dc  d(pu;)
ot ax( peui) = e+ puig, + puig— + e
| 9p  O(pw) ac ac
_C[6t+ ox; | 7ot T “ax,
———
=0
6c+u Jc
ot laxi

The right-hand side is approximated as

9 (B0 L (D) o P
6xl~ p (')xi > P Gx,- (')xi - Bx,-(?xi'

This approximation is quite common (usually without any justification!) in trans-
port phenomena and fluid mechanics applications. It says that pD (not each one
of them separately!) is approximately constant in space. Clearly, it gives rise to
the appearance of the Laplacian. We will use it as unashamedly as many others,
but we will at least have told you that this is a little cheating to get better-looking,
simpler, mathematical expressions.

Let’s put everything together, and keep an equal sign (instead of =) for the sake
of cleanliness:

8C+u (?c] _ oD dc
ot ox; Ox;0x;’
e 0,

at ' Ox; Ox;0x;
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This is the equation with which we started the first lesson, and it was the lesson’s
goal to show you the mathematical details of its derivation =

2.2 More sophisticated ideas and tensors

Now diffusion as we presented here is a mathematical model of something that
occurs in nature. The first thing that was called this way was probably what we
now call molecular diffusion, and this is how we derived it so far. It has to do with
molecules, or ions, moving in a medium and generating transport of mass that is
different from that stricly related to the mean flow.

In time, other “diffusions” became a matter of convenience, probably because
most of the math was already in place! In groundwater and soil problems, often
it is convenient to model things with analogies with Fick’s law, and so it is in
turbulence. Often, in these cases we must re-interpret the physical meaning of c,
u, etc.. For example, these variables will often represent averages of the turbulent
flow.

In particular, sometimes diffusion proceeds with different speeds on different
directions. This is not going to happen in an isotropic medium, but often turbulent
flows are anisotropic, or soils are layered and therefore diffusion in them is different
along different directions. What is a sensible generalization of Ficks’s law that
allows for these effects?

The answer is: we need to “upgrade” D to something that still operates on Ve,
and that still produces the mass flux vector j, but now this “D” must be able to
produce different effects over different directions. This means, essentially, that its
effects, say, on dc/dx and on dc/dy need to be allowed to be different. One thing
that does this is a matrix product. In fact, look at

[j1 = [DI[Vc].

The brackets indicate matrices. For example,
Ji )
Ul = |23 [Vel = |35 |
3 Oc

What about [D]? From what you know about matrix multiplication, for the matrix
product proposed to work we must have a 3 X 3 matrix for D. Indeed,

Dy1 Dip D3
[D] = |D21 D2 D3
D31 D3y Dsj

The only problem is that matrices tie us down to particular coordinate systems,
and we want to write our laws as generally as possible. For example, to represent
the vector j we say

J =Jiei.
The advantage is that the e; in the expression above represent any cartesian system,
and we can produce as many such systems as we please by rigid-body rotations of
the coordinate axes. On the other hand,

Ji
2
J3
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represents j in one particular coordinate system.
Now, we need to pull the same trick, to write D as generally as possible, and
not tie it down to one particular basis. This is how we do it:

D= D,-jeiej.

What emerges is a new object, second-order tensor D. It is written in boldface
just like the vectors, and like the vectors it must be represented in a basis. The
basis for those objects are the groups of nine “basis vectors” e; e, but to distinguish
them from the ordinary basis vectors we will call them “basis tensors”.

Differently from vectors, you cannot see them, but you can operate with them.
Let’s rederive the diffusion equation with directional diffusivity. The only thing
that needs to be changed is the expression for the time rate of change of the mass
of A, which we rewrite as follows. First, as you might be guessing, our generalized
Fick’s law is

j=D-Vec.

The product above is a kind of generalized dot product. It occurs between a
second-order tensor D and a first-order tensor Vc. It is really easy to evaluate, and
it will mimic matrix multiplication. Here is how we do it (have faith!)

. Jc
J =Dijeie; g ok
dc

:Dl.jE

e; (ej -ex)
[ —
5jk
oc
= Dij5jka—xkei
Jc

iiT—E€;.
i i
](')xj

We have discovered Kronecker’s delta:
1, j=k,
djk = :
0, j#k.
To practice, let’s unfold j; above:

(=D 28 4 D28 4 s
= e
J1 11 Ox, 126x2 13c')x3 1

=D

You can do the same for the other components.

One of the beautiful things of this scheme is that it becomes a snap to calculate
the gradient of a vector, and the divergence of a tensor! Remember, the gradient was
previously defined to operate on a scalar field, and the divergence was previously
defined to operate on a vector field.

First, let us re-calculate the “standard” gradient and divergence, but with a
new trick, which is to use V “directly”. If c is a scalar field, we can produce the
gradient with

Ve=e,—c

6x,-
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This trick was already mentioned when we talked about interpreting V as a
“pseudo-vector”, but now its status has improved! Likewise, for the divergence,
0
V.v= el@x, vje;
an
= —(e;-e;
e eie)
_s, 601
=050
_ 0y
a c')x,- '
Let’s do the same with higher-order operands. Consider for example the
velocity field u(x, t) in a flow. It has a gradient, and it is obtained as follows.

Vu=e,—uje;
6)('1' )
_ 8uj
= —e;ej,

6x,~
and that’s it! Here is the divergence of a tensor T = Tjje;e;:

0
V.T= eia_xi . Tjkejek
0Tk
= a_;i(ei -ej)ey

aTjk
ij a
OTj

Ox;

=

This all makes perfect sense. The gradient raises the order of the operand. The
gradient of a first-order tensor is a second-order tensor. The divergence of a
second-order tensor is a first-order tensor.

With this in place, our generalized (“directional”) Fick’s law will be as follows:

DM
—4 j{(n pD-Vc¢) dA

:jlg ([niei]- pDjrejey - elaa ]) dA

5 . X1

= j{y ([niei] . 7ijkej(ek .el)a_xl}) dA
[ 0

= %’} ([n,-e,-] . »ijka—kaej]) dA.

This last expression is ready for the divergence theorem:
DM A 0 Jc
= dv
Dt / Yox; [p axk }

/(e, ej) [ ej] dv
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The rest is the same, so we can put

dpc) 0 0 dc
" (peu) =+ | pDj o |
ot " am P = [p f"axk}

Xj

which is in conservative form. I will leave it for you to simplify it further with the
equation of conservation of total mass, and with the assumption that the pD;; are
constant in space.



Lesson 3

Similarity transforms for
diffusion problems

3.1 A classical problem: the Boltzmann transform

The Boltzmann transform is often useful in diffusion problems. The classic one is
the problem of a mixture with initially zero concentration of a solute A which is
instantly changed to a value cg at z = 0 (The analogous problem in fluid mechanics
is known as Stokes first problem, or Rayleigh problem). The governing equation
is

oc ¢
=D—

ot 022’
and the initial and boundary conditons are

c(z,0) =0,
c(0,1) = co,
c(c0,t) = 0.

First, let us look at the problem from the point of view of dimensional analy-
sis. There are 5 variables involved: z, t and the molecular diffusivity D with
kinematic dimensions L and T, and ¢(z, t) and ¢(, whose dimensions are those of
concentration, C. The dimensional matrix is

‘ z t D c(z,t) ¢
cC|0 O 0 1 1
L1 O 2 0 O
T{O0O 1 -1 0 O
whose rank is 3:
(%i1) A : matrix([O, 0, O, 1, 11,[1, O, 2, O, O],[0, 1, -1, O, 0]) ;
Lo o o0 1 11
[ 1
(%o1) [1 0 2 0 01
[ ]
Lo 1 -1 0 01
(%i2) rank(A);
(%ho2) 3

Therefore, from the Pi Theorem we have s = 5 —3 = 2 dimensionless groups. The

first one is trivial:

1, = c(z, t);
o

17
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For the other one,
I, = zt*DY;

[0,] = L@ [L21']°
1 — Ll+2bTa—b

whence a = b = —1/2 and
z

V4Dt

The numerical (dimensionless) factor 4 is immaterial; it has been introduced to
conform to most solutions found in the literature.
With only two dimensionless groups, the solution must be of the form

I = ¢ (),

M, =

or

c(z,t) 4 ( )
Co V4Dt

This in turn strongly suggests that the PDE with which we started the problem can
in fact be reduced to an ODE in ¢. The variable

(%)

z z _
g = = ——t 1/2
V4Dt V4D

is a similarity variable, and the solution to the problem is said to be self-similar.

But there is another way that leads to & and ¢, and which does not proceed,
at first sight, along the ideas of dimensional analysis. It is a more abstract idea,
that consists in looking for symmetries in the original problem. The aproach is as
follows: is there a change of variables

Z =az,
T = pt,
C(Z,T) = yc(z, t),

under which the original PDE remains invariant? In other words, can we make
such a change of variables and arrive at a new PDE with the same form, namely

oC _ 0°C 9°C
T 922 ?
Above, of course, we require that D’ be a constant. But

dc _d(Cly) pac
ot~ a(T/p)  yoT

d%c B d*(Cly) 3 a? 9*C
022 a(z/a) v 027

so thatthe PDEin C, Z, T is

poc _
yoT — y dz%
ac ﬁ_la c

oT
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By the same token, the only non-zero boundary condition becomes

c(0,1) = % (0, %) = ¢

Therefore, for the EDP to be invariant under the transformations, we must satisfy
two requirements:

Da?B7! = const = l,
4
yco = const = 1.
The constants above can have any values, and we just picked two (1/4 and 1) that
are particularly convenient to simplify the upcoming calculations.
The problem in C, Z and T is a little bit simpler:

ac 19%*C

aT ~ 4922
C(Z,0) =0,
Cc(0,T) =1,
C(c0,T) = 0.

Note also that there is a lot of freedom to choose « and  as long as Da?~! = 1/4
is satisfied.

At this point, we still haven’t determined particular values for « and g (but we
have for y = 1/cg, so that we have

c(z,t) = coClaz, ft). (%)

What we are going to do next is strange, but perfectly ok (think about it): For
each t we are going to pick a different 8, and hence a different « as well. Because
we are using different ’s, we will also end up with different (in fact, infinite)
corresponding solutions C(Z, T). Proceeding, for each ¢, pick

1 1 1
ﬂ:—ﬁDaZ:—ﬁa:—,
t 4t 4Dt
so that
z
c(z,t) = ¢C (—, 1) .
V4Dt
Note that this is the same as what we obtained with (x) before! Just write
oz
VaDt’
c(z,t)
o =CED =40

A note of caution: the new function C (&, 1) = ¢(&) is obviously a function of
one variable only (the similarity variable £), and the diffusion equation in ¢ is not
invariant under stretching through «, f and y as the diffision equation in ¢(z, t) is.
The reason is obvious: we did not use a constant f to arrive at ¢(&)! But we kept
B a generic constant all the way up to (%%). Only after that equation did we pick
B = 1/t, which is clever, even perversely clever, but otherwise does not break any
rule of algebra or calculus.
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3.2 The diffusion equation in ¢(¢)

The equation in ¢(&) is best found from the original diffusion equation. The PDE
in C, Z and T has played its role, which essentially was to show that a solution in
¢(&) exists. The two numerically equal boundary conditions ¢(z, 0) = c¢(c0,t) = 0
because they will lead to a single boundary condition in ¢ at & = co. Proceeding,
the change of variables from z, t to £ requires the systematic use of the chain rule:

de  dp i
ot dE ot
__ 1z 3pdd
2Vap ¢
1z 4
2+/apt d¢
1 dg
__ng_’g"

For the derivatives with respect to z,

dc _ d¢ o¢

9z~ V4 oz

_c 49,

N

o d [dgar| aE

@‘Cod?[d?%}é
B d[ 1 dﬂ 1
~ 3 | Vap: ¢ | Vapr

@ d*¢

-n

Substituting back in the original diffusion equation,

oo _ 0
ot 022’

co,dp  coD d%c

2t°dE ~ 4Dt d&?’

+2§% =0.

dé

d*¢
dg2

The two boundary conditions in ¢ are

$(0) = 1,
$(c0) = 0.
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It is not to difficult to solve this ODE using reduction of order:

_dg.
g= d_f’
dg 3
d_f + 2§g = O,
Y e
g
9 dg’ 4
—-— =-2 "dE’;
/g - [ e
] 98 _ _-#
90 '
g(8) = —goe ™"’
#(&)
r_ _ & ’
/¢=¢0 ap =g [ et
56 - go = -2V eri (e
56) = do - VT ert(e),

Some points are important to note here, if this is the first time you are seeing this
problem.
First, we needed to use the definition of the error function erf(¢):

2 3 2
erf(g)zﬁ/o e " du.

The error function needs to be introduced because the corresponding integral
cannot be obtained in terms of elementary transcedental functions (sen, cos, tg,

.., exp, In), polynomials, or rational functions of the former. This is a deep
result, that was originally proved (apparently for a restricted class of functions) by
Liouville (Liouville, 1833a,b,c); see also Conrad (2005). Most scientific computer
languages have an erf function available in some library. The erf(¢) function is
odd, with

erf(0) = 0,
erf(c0) = 1.
Two, we need to calculate gyg. Note that the boundary condition

c(0,1)
co

$o =

is built-in in the integration of the ODE. But

$(c0) = =¢0—902/7_T=>
gof:%:}

$(&) = do[1 —erf(f)] m
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— =qq,

Figure 3.1: “O problema de Sutton”

3.3 Sutton’s problem

Considere agora uma equacao diferencial totalmente diferente:

0q d%q
u—=D—
Ox 022
Naturalmente, trata-se de uma versao simplificada (e estaciondria: note a auséncia
da derivada parcial em relagdo ao tempo) da equacdo geral de difusdo-advecgao.
No6s vamos utiliza-la para resolver o problema esbogado na figura 3.1, que ficou

conhecido na literatura como “O problema de Sutton”.

Nesse problema, ar seco sopra sobre um lago, sobre o qual se forma uma
camada-limite interna de ar imido, a medida que o vento (representado por um
perfil uniforme em x e em z de velocidade u advecta ar sobre o lago.

E importante notar que a fisica é totalmente diferente daquela que usamos
para deduzir a equagdo de adveccdo-difusdo no capitulo ??! Aqui, g € a umidade
especifica média; u é a velocidade do vento média; e D € a difusividade turbulenta
de vapor d’4gua na vertical.

Vamos especificar as condi¢des de contorno deste problema:

q(()’ Z) = Qa,
q(x,0) = qo,
CI(X, OO) =d4a-

Olhando para a figura e considerando a fisica do problema vocé consegue explicé-
las?

Observe também que g(0,z) = g(x, o) sugere fortemente, mais uma vez, a
transformacdo de Boltzmann. Sejamos claros: desejamos reaproveitar a solugdo
que ja obtivemos no inicio deste capitulo! Para tanto, seria muito bom se g(0, z) =
0. Mas isso ndo é um grande problema. Primeiramente, faca

9~ 4a .
90— 9qa

X =

esta € uma transformacao linear na varidvel g, e portanto segue-se imediatamente
que vale
X  _0*X
Yox T a2
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Na variavel X, as condi¢des de contorno sdo
X(0,2) =0,
X(x,0)=1,
X(x,00) =0.

De fato, tentemos
z

V4Dx/u .

&=

Esta varidvel € adimensional:

L

[[ﬂ] = (LZ T-LT L—1)1/2 =1

Nosso procedimento agora repete o do inicio do capitulo, “com x no lugar de
t

0X dX 9¢

dx  d& Ox
1 dX
%2 3pft
2.\/AD/u d¢
1z 1 dX
[ x —
2 \/ADx/u d¢

1 dX

2x7 dE”

Para as derivadas em z,
OX _ dX 9%
dz  df 0z
1 dX

V4Dx/u d_sz;
PA_ oot o

022 d¢ | dE 82| 0z
1 dX

d
@ \/4Dx/ud_§
1 dX
_4Dx/ud_§2

1

V4Dx/u

Substituimos agora em

0X 6% X
“ox Doz

1 _dec D d2X

“ox g - 4Dx/u d&2’

d’X dX
AT §-uah
a T 0

As duas condic¢des de contorno em ¢ serdo:

X(0) =1,
X(c0) = 0.



LESSON 3. SIMILARITY TRANSFORMS FOR DIFFUSION 24

O problema que temos em maos € exatamente o mesmo de antes, de forma que
ja temos a solugao!
X&) =1-erf(é)m
Considere agora a seguinte mudanga aparentemente simples na nossa EDP.
Vamos trocar u constante por uma funcio de z.
Considere a seguinte variacao do “problema de Sutton™:

0 0 0
u—X:— —X ; X(0,2) =0, X(x,0) =1, X(x,00) =0.
Oox 0z | Oz
Suponha agora que u e D variam com z segundo
u(z) = az™,
D(z) = bz".

No6s vamos supor que vale uma forma bem forte da analogia de Reynolds
(Reynolds, 1900; Dias, 2013):

9q
E/p=-D—,
/p 92
0
T/p = +D6—u = Dmaz™"" = mabz"™™ !,
z

Aqui, E é o fluxo de massa turbulento de vapor d’dgua, e 7 € o fluxo de quantidade
de movimento turbulento. Uma idéia importante em mecanica dos fluidos € que 7
nao depende de z em uma regiao préxima da superficie, denominda “sub-camada
dindmica”. Se 7 ndo depende de z, entdo, devemos ter

n+m=1.

Além disso, az™ e bz" ndo deixam claras as dimensdes! Podemos contornar esse
problema usando um outro conceito cldssico em mecanica dos fluidos e turbulén-
cia: o conceito de rugosidade da superficie. Escrevamos entdo as equagdes em
termos da velocidade de atrito u, e dessa rugosidade:

—,2
T/P=u*’
m
u z
—=c|— .
Uy 20

t/p = u? = mab.

Note também que teremos

Agora, é possivel obter D em func¢do de u., zg, c € m da seguinte forma:

z

m
u(z) = a2 = cu, (—) ,
Z()

1-m
D(z) = bz" = du.z (i) .
20
As equagdes acima foram escritas de forma a explicitar as dimensoes fisicas
corretas de u e de D. Nelas, ¢ e d (ao contrario de a e de b) sdo coeficientes
adimensionais. Em seguida,

mab = uf,
m (o2 (dzf) = o2,

1
d=—.
me
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Desse modo, a expressao para a difusividade turbulenta serd

_ Uk m, 1- m
D=—z)z
mc

Reforcemos nosso ponto: nas equacdes acima, m e ¢ sdo adimensionais;
[w.] = [u] = LT7Y [x] = [2] = [20] = L e [D] = L>T~!. Usando a variével de
similaridade

2 2m
£ = mc z z
Cm+1)2 \zg) «’

vamos obter uma equacio diferencial ordindria na varidvel independente &, e as
condicdes de contorno que ela deve atender. Trata-se de um exercicio de aplicagdo
sistemadtica da regra da cadeia:

2
me -2m| 2m+1_-1,
¢ = | gt | 2
% = — m—c2 —2m 22m+1x_2'
Ox 2m+1)27° ;
0 me? g2m | 12 mc? N
— =2 NH|—— m m_ | _me m m
0z (m+)( 1)20 x 'z (2m+1)0 1z
Agora,
3)( dX o
(9x d§ Ox
[ om| amer 28X
(2m+1)2 d§
dX
== o 2m| L 2m+l 28y
T (ZO) l(2m+1)2 %0 :|Z X dé:
= % *263ml3m+1 —2(:1);’
m
3
2m +1)2 dé’
OX _ Us 1y dX OE
- = _Zmzl m-Q v
9z mc™*"  d§ Oz
2
_ & m_l-m L —m -1 Zmﬂ
me” [<2m+1>20 ] T
= ﬂ m+1 —1dX
Clem+ 1)_ dé’
0 0X [ u.czy™ 1 pdX | —1d X8§
I D— = | — 1 mYt m+
g [ 52} G| [P E T s
- u*Clam dX mcl —2m 3mel _2d2X
= | —m8M — 1 o _me” X
| 2m+ 1) (m+ Dx™'2™ § GOm0 x a7
[ usczy™ | u.me3z3m 2
= | S| (m+ Dx7'2" %+ TR0 | 3med —2ﬂ.
|2m+ 1) | A& | @m+ 1) a2
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Reunindo todos os termos na equagao diferencial original:

8X+§[D5X] _o:

ox 9z
medu,z-3m uscz, ™ nd u.me3z-3m d2
0 . 3m+1 24X + 0| (m+ D' z™ X N 0 2 3m+1x_2_)2( _o:
2m+1) d¢ 2m+1) d§ 2m+1) d¢
2.,-2m 2.-2m 2
Z dX c°z d2x
2m+1) 0__122m1x 122 4 (m+ 1)— +2m+ 1) | —2— | 2122 20,
m m
2m +1)? d¢ dé 2m + 1)? dé?

A equacio diferencial que se obtém ¢

d2
X =0.

(2m + 1)5— +(m + 1)— +(2m + 1)5(1—52 =

dé d¢

As condigoes de contorno em X(&) sdo as mesmas de antes:

X(0) =1,
X(c0)=0

Vale a pena, por simplicidade, escrever

p=(Cm+1),
=(m+1),
e entdo reduzir a ordem:
dé

dF
ﬂgg + BEF + 6F = 0.

Curiosamente, esta é também uma equagdo separavel:

BEAF + PEFAE + SFAE = 0,

BdF + BFd¢ + 5Fd—§ =0,

,Bd—F +ﬁd§+5d; 0,
dF 5

Por simplicidade, vamos supor que F > 0, £ > 0 (vai funcionar). Entao,

InF=-¢+ (—% 1n(§)) +e
= £+ e,
F(@) = exp (¢ = & + In(&) /")
= ke fER.
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Uma solucio ja estd praticamente disponivel:

dX _s
_— = _§ B
iz kie™¢& Py

/ dX =k / e_yy_% dy;
3 3
0 3
Xe)-X©O =k [ ey
3
Com um pouco de tarimba, € possivel ver a funcdo Gama completa:

r(l 5) /OO 4,75 4
-—|= e :
)= ) ey

Além disso, existe a Gama incompleta, cuja definicdo é

— 1 ¢ —tia-1
P(a,f):T@A e 't dt.

Temos entdo, em termos dessas criaturas:

) & _
X2 =n[r(1-2) - [*e

o)
_X(§)=k1r(1_%) [1—p(1_% )]

Mas P(a,0) = 0; com X(0) = 1 temos:

“1=-x0) =kr(1-5).

5
X&) =1-P[1-2,¢] u
& =1 P(l /35)



Lesson 4

Matched asymptotics and
singular perturbation

We will follow van Dyke (1964)’s Chapter 5 closely. To understand what “singular
perturbation” means, the best way is to quote van Dyke directly:

The classical warning of singular behavior is familiar from Prandtl’s
boundary-layer theory. A small parameter multiplies one of the high-
est derivatives in the differential equations. Then in a straightforward
perturbation scheme that derivative is lost in the first approximation
so that the order of the equations is reduced. One of more boundary
conditions must be abandoned, and the approximation breaks down
near where they were to be imposed.

(van Dyke, 1964, p. 78)
We also use the same example as van Dyke. Consider the boundary-value
problem

Pf _df
6@+a =a, f(()):(), f(l): 1. 4.1)

How do you solve this equation exactly? It is rather easy, because this is a linear
equation, with constant coefficients (but non-homogeneous).

Exercise 4.1 Study classification of ordinary differential equations. What is a linear
equation? What is its order? What is a homogeneous equation? Etc..

There are two ways to solve (4.1) exactly; one is to attack a second-order
directly, for example using the method of variation of parameters, or by guessing a
particular solution and then summing the homogeneous solution (you are supposed
to know about this); the other is by reduction of order, which is somewhat easier
and more straightforward. Let’s do the second one. Put

df
9= i
then (4.1) becomes
dg N
e— =a.
dx g

28
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My preferred way to solve the above equation systematically is to write g = uv
and proceed:

do N du N
elu— +uv— uv = a;
dx dx
do vl s du
ule—+ov|l+ev— =a
dx dx
Now set the term inside brackets to zero
do
e— +0v=0,
dx
do
€E— = -0
dx
do 3 dx
v €
/U do’ x
w Y €
v X
In—=-—,
() €
x
v = vy exp (——) s

and substitute back in the remainder of the equation:

du

evoexp( )d =a,
x

d
du = iexp (x) x’

6)

m|><

u—uo—— P(
X
u—uo—— exp(—)
€

Hence,

o ==+ oo () ffvn (-
X x
= Ugvpy eXp (_E) +a—aexp (_E)
= go €Xp (—E) +a—aexp (—z)
= (go — a) exp (_JZC) +a.

Because the order was reduced, we still need to integrate this:

2?: (go — a)exp (—f) +a

df = —(go — a)e exp (—E) (_d?x) + adx

f—ﬁ=—<go—a>e/0xexp(—§)( dj')mfoxdxf

f=/fo—(g0—a) [exp (—E) - 1] +ax
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But
f0)=0 = f=0.
and
fy=1=
(go—a)e[l—exp(—é) +a=1
1-a
|
so that finally

fe)=01-a)

1— _x
[ P | T)] + ax. 4.2)

This is the full solution but we can also look at the differential equation when
€ = 0; this will lead to a different, simplified ODE, whose solution will also be
different; let us call it f;, (for “outer solution”):

df,
—_— = 4.3
dx ¢ (4-3)
This immediately leads to
fo(x) = ax + b, 4.4)

where b is the only constant of integration. Therefore, only one of the boundary
conditions in (4.1) can be satisfied. Which one? We choose to satisfy f(1) = 1
because, as we shall see, we will need to stretch the x coordinate to understand
better the behavior of the equation close to x = 0. Then,

l=a+b; = b=1-aqa,

and the “outer” solution is
fo=(1-a)+ax. 4.5)

Now let us see what this stretching of coordinates is all about. The idea is to
change the coordinates in a way that removes the € from the highest-order derivative
in the EDO. The only way to do this is to incorporate € into the independent variable
itself. Here is how to do it: put

X=§ = x=eX; (4.6)
FX) = f (E) 4.7)

Then the chain rule gives

dF _dfdx _ df
dX ~ dxdX  Cdx’ 4.8)

d’F  ,d*f
W =€ @ (49)
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Now,
ef | df
e—= + — =a,
dx?  dx
&f  df
2 —
€ @ + 6& = €a,
d’F dF
@ + & = €a, (410)
1
F(0) = 0, F(—) - 1. 4.11)
€

If you are very very close to the boundary x = 0, measuring things in X
zooms in the behavior of the function. But because € is small, we can solve the
approximate version, with zero on the right hand side. We call this the approximate
“inner solution” f; and again we resort to reduction of order:

dzi i
_f+£:0;
dx?  dx
dfi
gl'_&’
dg,'
—+9i=0;
ax Y

gi(X) = go exp(=X);

df;
&f = go exp(=X);

dfi = —go exp(=X)d(=X);
fi = fo=—golexp(=X) - 1];
filX) = fo = go [exp(=X) — 1] (4.12)
There are now two constants of integration, fy and go. In the new variable, the

original boundary condtions are given by (4.11), but using them for the approximate
solution f; will not give the right answer. Instead, we set

fi(0)=0, = fo =0, (4.13)
Jim £i(X) = lim fo(x) = (1 -a) = go = (1~a), (4.14)
f:(X)=(1-a)[1 —exp(-X)]. (4.15)

(4.14) gives the overlap solution

fover(x) = (1 - a)§ (4.16)

it appears both in the inner and the outer solutions. If we sum them, it is being
counted twice. A composite solution, which behaves correctly as X — 0 and as
x — 1, is the sum of the inner with the outer minus the overlap. Therefore, a good
approximate solution is

Je(x) = filX) + fo(x) = fover
=( —a)[l —exp (—g)] + ax. 4.17)

We compare f, f,, f; and f. with a = 0.6 and € = 0.1 in figure 4.1
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fo) — e
me—
o(x .o
felx) -
0.8 -
/_,.f’
0.6 -

fx)

0.4 /

0.2 -

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Asymptotic matching for (4.1), with a = 0.6 and ¢ = 0.1. The
composite solution is indicated by the filled circles.

Because in this case we know the analytic solution, the whole exercise may
seem redundant. It is not. Having an analytical solution is an important step in
testing approximate methods, because then we can obviously verify how good the
approximations are. In this case, clearly, f.(x) is an excellent approximation to
fG).

Moreover, although in this case the difficulty of finding the exact solution is
not great, one can still note that the two approximate solutions f,(x) and f;(X) can
be found more easily: fy comes from the solution of a (trivial) first-order EDO,
whereas f; is obtained as the solution of a second-order homogeneous equation.

In general, we will seek to find solutions using approximate EDOs (or EDPs)
that are relatively simple to solve; and at least simpler than the full original EDOs
or EDPs. The point is that in real applications the original equations may be
impossible to solve (or their solution may not yet have been found), whereas the
approximate ones are.



Lesson 5

The stream function and the
elimination of pressure

5.1 The Navier-Stokes equations

Consider cartesian coordinates x, y, and admit that y may be the vertical direction.
The acceleration of gravity vector g points downwards, so that

9:_91" (51)

where g is the magnitude of g.
The two-dimensional version of the steady-state and incompressible Navier-
Stokes equations is

ou Ov
a + a—y =0, (5.2)
ou  Ou 10p ’u  0u
— tv—=——— — +— 53
u(’)x+08y p6x+v(6x2+6y2)’ ©-3)

Vi=—+— (5.4)

ox?  9y?
where p is fluid density, u and v are the fluid velocities along x and y, p is
pressure, There is a slight asymmetry due to the presence of g in (5.4). In the case
of flow with constant density p (which we will assume here) this asymmetry can
be eliminated with the introduction of the modified pressure p:

dv  dv 10p (620 820)
+ + ,

PEp+pgy; = (5.5)
lop 10p.
Cpdx  pox’
lop 10p
pdy  pdy
(5.6)

Substituition in (5.3)—(5.4) yields
ou Ov

Z = = T
ot 3 0, (5.7)
1 2 2
ua_u+v(9_u:__8_p+v ﬂ+a—u , (5.8)
ox 0y  pox x> dy?
ov ov 1dp v 9%
00 JOv_ 1op (070 07v) 5.9
u6x+v(9y p6y+v(6x2+6y2 69

33
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which is symmetric in (5.8)—(5.9).

Exercise 5.1 The equations above can be written in vector notation as

V-u=0, (5.10)
u-Vu=-Vp+ vW2u, (5.11)

with
u = ui + vj. (5.12)

Discuss every appearance of V or V above and their connections with the divergence, the
gradient, the laplacian, and the “advective operator”

u-VEu% +v§y. (5.13)

Alternatively, one can also see Vu as the gradient of the vector field u.

5.2 Elimination of pressure

In an incompressible flow, there is a Poisson equation for p. To see this, take the
divergence of (5.8)~(5.9), i.e. 2(5.8) + %(5.9), keeping in mind that the order
of differentiation can be swapped:

0 | Ou ou 0dp 0 (*u O%u
ox ”a—x”@] ‘a—xa—xw—x(@*a—yz)’ 19
0 | ov ov 0dp 0 (0% v
ay [a_ “’%} ~Tayay " ay (a_ ' @) G-

The sum of the left-hand sides of (5.14)—(5.15) is

Oudu  oudv O (Ou 0v) Ovou Ovdv 9 (Ou, 0v)_
Oxdx Oyox O0x\ox Oy| Oxdy Oyady oy \ox  dy|
S——— —

=0 =0

dudu Odudv dvdu dJvdv

— — —. (5.16
5x5x+6y6x+6x8y+6y6y (5.16)
The sum of the right-hand sides of (5.14)—(5.15) is
’p  0%p % (du Ov\ 0* (du Ov
| —=+=|+—=|—+—|+—=|=—++]=
ox2  0y?) ox2\ox dy) 9y*\ox Oy
| — | —
=0 =0
9? 0?
_(Z2 2P} (517
oxr  0y?
The final Poisson equation for the modified pressure, therefore, is
ap  *p oudu Odudv OJdvdu Ovodv
= +=|l==+—-+——+——=. 5.18
((’?x2+8y2) 6x6x+8y0x+(9x6y+6y0y (5.18)
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Exercise 5.2 Show that the vector form of (5.18) is
—V?p = Vu:Vu. (5.19)

Discuss the : operator.

The meaning of (5.18) is profound: in an incompressible flow, if you know the
velocity field at every point, you can recover the pressure field by integrating (i.e.,
by solving) (5.18). This is often used, for example, in numerical solutions of the
Navier-Stokes equations.

5.3 The stream function
The stream function ¥/ is defined by

_ oy
us (5.20)
__W
vE-o. (5.21)

For two-dimensional flows, the geometric meaning of the stream function is quite
simple: i/ = const along a streamline (a streamline is a line tangential to the
velocity field at every point). To see this, put

0
Y = const = dy = l'0dx + a—wdy 0;
Y
—vdx + udy = 0;
d
y_2 (5.22)
dx u

We can eliminate the pressure from the Navier-Stokes equations by calculating,
now, £(5.8) — Z(5.9):

2 2
910w, oul 99, 0O (0 Ou) (5.23)
dy | ox  dy|  Oyox (9y ax2 " oy
0 | dv ov 0 op *v 0%
R il I A Loy 5.4
Ox u0x+06y 6x8y+(9x (6x2+6y2 ©24)

The difference of the left-hand sides of (5.23)—(5.24 is

D 0 du o v
0x dy (?yay oy \ox dy
————
=0
d dv d v Bv(au 61})

“Yaxox Vayox ox \ox ' dy
—————
=0
d 0* d 0° d 0° d 0°
R i O i 2

+ =
“ox 02 Ay a2 Oxox: Oy ox?

oy 0%y oy 0%y
HER R

— + — —+—=]. (5.25
P 0y? Ox? 8y2) (525)
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The difference of the right-hand sides of (5.23)—(5.24 is

L0 O (00w 9 ou) (8 v & dv)_
dyox  Oxdy \0x2dy 0Oy*dy ax20x Oy ox|
| S ——

=0
9> 0%y 9% Aty 9> 0%y 9% %Y
——— t—=— |+ | ==+ =
0x? 0y*  0y? dy? 0x? 0x*  Oy? 0x?
52 (a%p +52¢)+ 5 (a%& 82y

— — 4+ —=1]. (5.26
oxr  0y? ox2 8y2) (5:26)

0x?

oy
Putting everything together we have an advection-diffusion equation for the lapla-
cian of ¢:

uivzl// + viv%// = vy, (5.27)
0x oy

where
Vi = v2 (v%p) . (5.28)



Lesson 6

The Blasius boundary-layer
solution over a flat plate

6.1 Posing the problem

Consider again the Navier-Stokes equations, and flow over a flat plate, shown
in figure 6.1. Experiment indicates that the horizontal velocity u varies from
0 (the no-slip condition) to us (the approaching uniform velocity field) over a
small distance J in comparison with the plate’s length L. We anticipate that the
boundary-layer thickness grows with x, and later we will use the notation &(x)
to indicate this, but for now just let § be the maximum thickness at x = L; the
important point is that

19

- < 1. 6.1

I (6.1)
The problem that we want to solve is the set of Navier-Stokes equations (5.7)—

(5.9) in the domain 0 < x < L and 0 < y < oo, with appropriate boundary
conditions:

u(0,9) = U, v(0,y) =0, (6.2)
u(x,0) =0, v(x,0) =0, (6.3)
u(x, ) = Ueo, v(x,00) =0, (6.4)
u(L,y) =7, u(L,y) =7, (6.5)
p(0,y) = po, plx, 00) = po. (6.6)

The presence of second partial derivatives in x and y in the Navier-Stokes equations
requires that we specify the velocity field (u,v) at both ends of the plate, x = 0
and x = L. In particular, it requires a very detailed knowledge of the flow at x = L,
which is usually not available, hence the ‘?* signs.

Also note that we are assigning a constant pressure upstream of the plate, and
far away from it. This will lead to P = Py throughout the flow.

Outside of the boundary-layer (y > §), however, the flow is very simple: on
first approximation it is just (u, v) = (e, 0), although the boundary-layer induces
a small vertical component, as we shall see.

6.2 Non-dimensionalization of the Navier-Stokes equa-
tions for the flow over a flat plate

The next point is to investigate if (5.7)—(5.9) can be simplified somehow, partic-
ularly in light of (6.1). This usually requires estimates of the order of magnitude

37
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U Uco

Figure 6.1: The boundary-layer over a flat plate.

of all terms, to see if some terms are so small compared to others that they can be
dropped from the equation. Before doing this, we need to introduce the “big O”
and “little 0” notations.

Consider a function f(e) whose behavior we want to analyze as € — 0. It
is useful to compare f(e) with a gauge function 5(e) whose behavior is known
intuitively (van Dyke, 1964, p. 24); for example, one often uses d(¢) = €™, a
power function.

Definition 6.1 We say that a function f is “of order” §,

f(e) = 0[(e)]

ase — 0if
i F©) _

lim S = ¢ < (6.7)

If, moreover, c is in the vicinity of 1, V10~! < ¢ < \/E, or 1/5 < ¢ < 5 (the latter
being chosen by Tennekes e Lumley (1972, p. xiii)), we say that f and § have the
same order of magnitude, and use the notation

f~0.

On the other hand, f may decrease much faster than § as e approaches 0; then,

Definition 6.2 f is of higher order than 6,

f(e) = o[(e)]

as e — 0if
im 1) _

lim 5 - 0. (6.8)
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Exercise 6.1 Study van Dyke (1964)’s examples in pages 24 and 25.

We now write down again the set (5.7)—(5.9)

ou Jv
u 9% o, 6.9
0x " oy ©9)
ou ou 1dp %u  0*u
— +tUv—=——— — +—. 6.10
“ox "%y p8x+v(c')x2+5y2 (6.10)

6.11)

ov v 1 dp 0*v 0%
+0— = .
Ox dy p Oy

= Y| — + —
0x?  9y?

To make a small parameter appear in the equations (remember chapter 4), we
define the dimensionless quantities X, , &, ¢ and p via

x = L%, y = L, (6.12)
U = Ueoll, U = UooD, (6.13)
p= s .14

and substitute in (6.9)—(6.11). The continuity equation is
oi 00
— +—=0. 6.15
0% " 05 (©.15)

The x-momentum equation becomes

é a%+5%]_—é%+vuﬁ(@+ﬁ)
L |"ox 9§ L ox L2 \ox2 0i)°
ﬁ%+5%:—@+L(@+@)
ox 0§ 0% usL\0x2  0i*)’

ot oii op 1 (0% o
Bz 4050 = =0 b —— S+ o) (6.16)
ox 0y 0x Rep \0x2  9i?
where the small parameter is the inverse of the Reynolds number
oL
Rep = =~ (6.17)
v
Similarly, the y-momentum equation becomes
07 00 op 1 (3% 00
RA, LA LI LA 6.18)
ox 0y a7 Rep \0x2  0i?

6.3 An outer solution

Much as we did in chapter 4, we seek a (first-order) outer solution by solving the
equations in the limit Re; — oo. Then, the second derivatives on the right-hand
sides of (6.16) and (6.18) drop; moreover, the boundary-conditions at y = 0 can
no longer be obeyed, because the higher derivatives have been lost. By the same
token, either the boundary conditions at x = 0 or x = L also have to be abandoned
(we choose the latter).
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Then, the approximate outer solution will be the solution of

dii, 07,

=1, 6.19
3% | 87 (©.19)

_ Oty 0, 0Opo
uog + Vo El = T ox (6.20)

07, 07, 0P,
lp—— + Dp—— = ——— 6.21
Yooz "985 T oy ©:21)
,(0,7) =1 70(0,7) = 0, (6.22)
ﬁo(f’ 00) = 1 60(-7?’ OO) = 07 (623)
P0(0,9) =1 Po(X,00) = 1. (6.24)

This is trivial, and the first-order outer solution is

i, =1, (6.25)
9, = 0, (6.26)
po = 1. (6.27)

Of course, the same non-dimensionalization can be applied to the stream
function.

Exercise 6.2 Show that the non-dimensionalized form of the Navier-Stokes equations in
the stream function ¢, Eq. (5.27), is
0 )~ 0 s~ 1 4~
i—VY+0—=Vy=—VY,
Tz V0V T Re Y

where §/(x,y) = Luc/(%, 7).

In terms of i/, the outer solution is the solution of

o  Wo| nr _

5| =0 @
0(0,9) = 7, (6.29)
al/;o ~ _ _ag&o ~ _
6g(x¢m)—1, 2 (%,00) = 0. (6.30)

Exercise 6.3 Show that (6.19)—(6.24) and (6.28)—(6.30) represent the same problem.

The solution is again trivial,
Yo(%,7) = 7. (6.31)

6.4 An inner solution

We now seek an inner solution that is valid close to the plate, where §j < 1. We
will stretch §j into a new variable Y,

y
Y ==, 6.32
5 (6.32)
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with
0 =06Rer) <« 1. (6.33)

We want to transform the Navier-Stokes equations using this stretched variable.
For the continuity equation, we must have

3(2)
% (‘f — 0, (6.34)
X y
a(%)
Note that
- - ot
x~1; i~1 and — ~1; (6.35)
ox
therefore, ~ _
o1 and 2o (6.36)
o) o)

This at once establishes the order of @ in the boundary-layer: & ~ §. It also
suggests the change of variables:

3 y
X =3 Yy =2, 6.37
X 5 (6.37)
UX,Y) = a(%, %); (6.38)
V(X,Y) = %5(&, %); (6.39)
P(X,Y) = 3%, %). (6.40)

With this, the continuity equation in the new variables becomes

ou odv

We now go to the y-momentum equation because, to first order, it is simpler! Of
course, this can only be found on a trial-and-error basis. Anyhow, the re-scaled
y-momentum equation in the stretched variable is

28 2?8 1 ap o \2(6) 1 2(S)

[N

"oz +§a(§)_ 53(%)+R_eL Pre +§a(g)
[

oV A% 1 0P 1 [62v 1 6%V
U— +V— = —t ——.
0X?2  520Y?

s 6.42
ox "'oYy T 3or  Re, (6.42)

Note that all uppercase terms are ~ 1: UdV /X ~ VIV/IY ~ OP/IY ~
O*V/8X?* ~ 3*°V/dY? ~ 1. Because § < 1, 8*°V/dX?* < (1/6%)8*V /dY? and we
now have the simplified equation

Ua_V+Va_V—_la_P+—1 az_V

OX 9Y  §IY  [Re 82| 0Y?

<[ ov oV OP 5 0*v
SlU—=+V—|=——+ ———. 6.43
[ ax " GY] Y " [Rer3?] 072 (643)
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As we will see from the x-momentum equation, ReLS2 ~ 1; therefore, (6.43)
involves two orders of magnitude, and effectively produces two equations, namely

oP
0=-—, 6.44
3y (6.44)
L) A

U—-+V— .
0X Y  0Y?
It will be interesting, afterwards, to check if (6.45) obeys our solution for V(X, Y),
but for now it is enough to keep the first-order equation (6.44).
The re-scaled x-momentum equation in the stretched variable is

(6.45)

du © da ap 1 a1 0%

q—‘w+§;5§+y;—7
; (5)
0X 0Y  9X Rep |0X2  §20Y?|

SR

(6.46)

There is a wealth of information to be extracted from (6.46):
1. UQU/0X ~ VAU /OU ~ 1; hence, the right-hand side must also be ~ 1.

2. Both second-order derivatives on the right-hand side are ~ 1; therefore,
(1/6%)0%U/dY? > 9*U/oX>.

3. On account of 1. and 2., the inner equation can be approximated by

2
Ug—g, + Vg—[; = —g—i), + [126:172]% (6.47)
4. But, since the right-hand side is ~ 1,
Rerd~1;  §~Re;'l% (6.48)
Without loss of generality, we set
§=Re]'. (6.49)

The system or inner partial differential equations that needs to be solved is (6.41)
together with (6.44) and (6.46) with (6.49). We re-write them here:

oU v
ax tar =0 (©->0)
op
0=-2 6.51
Fa (6.51)
oU K10} oP  9*U
vy o oY 6.52
ax 9 ox " 9Y2 (6.52)

We need boundary conditions for U and P at X = O; for V at Y = 0; and for P and
V at Y — oo. The latter 2 have to match the outer solution (6.25)—(6.27):

U©,Y) =1 V(0,Y) =0, (6.53)
U(X,0)=0 V(X,0) =0, (6.54)
U(X, ) = 1 V(X, 00) = 0, (6.55)

P(0,Y) =1 P(X,00) = 1. (6.56)



LESSONG6. THE BLASIUS BOUNDARY-LAYER SOLUTION OVERA FLAT PLATEA43

It is easiest to start by solving (6.51):
oP
— =0= P(X,Y) = F(X),
~ (X.Y) = F(X)
where F(X) is a function to be determined. But, from (6.56),
lim F(XO) = 1= F(X) = 1 = P(X,Y) = 1.

This simplifies (6.50)—(6.52) even further to

ou  ov
ox Tay % 6.57)
2
v U U (6.58)

X | aY _ ay?’

A solution has been obtained in terms of a stream function. By analogy with
(5.20)—(5.21) let us put

oY
U= — 6.59
37 (6.59)
oY
=-—. 6.60
X (6.60)
¥ and 1/ are connected:
(]
V== X =X;
)
oY .0y
S 7o
19y ov N
=== = == =0VY. 6.61
50x 0% - v (661)
Substituting (6.59)—(6.60) into (6.58),
oY 9*¥Y OV O*¥ 0¥
= (6.62)

AY XY 0X 9Y? QY3

We need boundary equations for this equation, and they have to be translated from
6.53-6.55:

¥(0,Y) =Y, (6.63)
¥(X.0) = 0, PED_0, o
. T S

There are 3 dimensionless variables in (6.62). Although, in principle, we look for
a solution ¥(X, Y), it may be possible to rewrite the 3 variables in two groups such
that a single relationship between them exists. This is usually called a similarity
transform. If so, then it should be possible to reduce (6.62) to an ordinary
differential equation. Above, note that ¥(0,Y) = ¥(X, o0). This is a necessary
condition for a similarity transform involving X, Y and ¥. The exact transform
however has to be found: we seek a transformation of variables under which (6.58)
remains invariant.
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A simple method to find similarity transforms is to stretch each variable in-
dividually, and substitute back into the differential equation and its boundary
conditions. Let us put

X = aX, (6.66)
Y’ = By, (6.67)
¥ = (6.68)

then (6.62) becomes

a¥'fy)  *(¥'/y) a(Y'[y) X (¥'[y) _ &(¥'/y)

o(Y'[B) OX [e)d(Y'[B) ~ OX'[a) a(Y' /B> A(Y'/B)
Pra [0V 02V VPV _ B PV

y2 oYy axoy’  ax ay?r| Ty ay”

and (6.63) becomes
v'0,Y) Y’
Y B
The PDE and its boundary conditions will be invariant under the transformation
X,Y,9) - (X, Y, ¥¢)if

a =Py, (6.69)
B=y. (6.70)

The 2 equations above in 3 variables «,  and y leave one degree of freedom; let

it be «; then,
Yy = ﬂ = \/&

More interestingly still, we can view (6.66)—(6.68) as a change of variables from
X,Y,¥toX’, Y, ¥ a does not need to be a constant! Therefore, pick (without
loss of generality)

1
o= (6.71)

Then,
X' =1, (6.72)
Y = \/_’;_( (6.73)
¥ = \7—)_( (6.74)
¥ = %‘If’(l, \/l)_() (6.75)



Lesson 7

The Boussinesq nonlinear
differential equation for
groundwater flow

March 14, 2016

Let us practice some of our acquired skills with an important equation. We
will call it the Boussinesq equation. First of all: be careful, because there are
many “Boussinesq equations” around. The one we will focus on is a model for
groundwater flow. Moreover, there is a partial differential equation (which we will
start with) and an ordinary differential equation. We will visit both.

We start our derivation looking at figure 7.1. The “wet” region of the soil is
marked by gray, while the “dry” region is marked by light gray.

The figure shows a simple aquifer with a free surface h(x) (with water below).
We call this the phreatic surface. There is no such thing in reality, because there is
no sharp boundary between “wet” and “dry” regions in real soils. The soil moisture
varies smoothly from completely saturated to drier as we move up. However, if
you dig a hole in the ground, you will see that a free surface appears at some depth.
We therefore make the simplificaton that there is a sharp wet-dry boundary in the
soil. Its position is h(x).

We have delimited a material volume % with dashed lines in figure 7.1. We
assume that the bottom (along the x axis) is impermeable. There is no mass flow
across the top at all, because it has been conveniently located somewhat above the
phreatic surface: even if the phreatic surface is moving up or down, it will not
reach (immediately) the top dashed line that delimits this material volume. You
may think that it is strange to draw a material volume a part of which has no water
mass at all — and you are right, but this actually helps the analysis.

Across the closed surface of €, therefore, there is only flow across the planes
x = aand x = b. Flow across these planes extends up to h(a) and h(b), respectively.

In this problem, we need to obtain an expression for the mass flux in and
out of ¥. The medium (the soil) is complicated! There exists in fact a maze
of interconnected channels carrying water, delimited by solid soil particles. We
define the soil’s porosity as

Y
ng = —,
Vi

45
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Figure 7.1: A material body mass balance for groundwater flow

where V), is the volme of pores, and V; is the total volume. Technically, the thing
is indeed even more complicated, and we should use the drainable porosity. The
reader is referred to Brutsaert (2005)’s book.

At any instant, the total mass of water within the material volume % is

M= / npdV,
4

where p is the density of water. We will be assuming that both n and p are constant
throughout the soil.

The mass flux at any point across the plane x is given by Darcy’s Law (once
again, we need to be sketchy: look the subject up in Brutsaert (2005) and Bear
(1972), for example). It reads

q = —pksVn,

where k is the saturated hydraulic conductivity, and n(x, z) is the hydraulic head
in the soil. The physical dimensions are as follows:

[q] = ML72T7!,
[p] = ML,
[k = LT,
[n] =L,
[Va] = 1.

You can verify that Darcy’s law is dimensionally consistent (actually, it has to
be, since it amounts to the definition of ks). Notice that g is a vector, and that
therefore, in the two-dimensional setting that we are working in, it has an x and a z
component. We now invoke the Dupuit-Forchheimmer hypothesis: we assume that
n(x, z,t) = h(x, t), where h(x, t) is the (already introduced) height of the phreatic
surface. It follows that

VI] = aex,

and that, therefore, q is horizontal. Moreover, since h(x, t) depends on x but not
on z, the vetor q is constant along the plane x.
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With q in place, the mass balance for € is

O—La(np)dV+jI§(n q)dA.

But if np = constant, its partial derivative with respect to ¢ is zero, right? Not
so fast! In our approximation, p is an indicator function of the presence of water
inside the material region € it drops from a constant value to zero as soon as we
cross the phreatic surface upwards. Give it some thought: it means that the first
integral is actually the rate of change of the total mass of water inside %', and that

it can be written
/ amp) 4 _ / [ / o B(Hdp) ]
3 z
=/a [E (ndp)dz] dx
/ (ngp) [ ‘/Zh(X) dz} dx

- / (nap) 20 g

where a unit width in the y direction is implicit. Going from the second to the
third line above, we used the fact that in this model there is only water below the
phreatic surface h(x).

You are probably guessing, from our previous lectures, that the second integral
can be handled with the Divergence Theorem, and you are right:

j{(n q)dA = / / D —= dzdx
2/=0 0X
:/a a/Zl:oqxdzdx.

Above, notice how g, only exists below the phreatic surface h(x); therefore,

§ n-qpaa- / 2 " e dade
/ 9 /h(x)[ ok, 6h(x)

0 oh
- / [ pksh(x) (x)] dx.
. Ox
Gathering everything,

b
Oh 0 (,0h
0= — —pks— |h d
/a [””at 5 ox ( (9x)] *
The same argument as before (validity of the integrand for any %, etc.) gives us
Boussinesq’s equation:

dzdx

at  nox| ox|
The equation itself is a great achievement: it was derived by Boussinesq in
1903 (Boussinesq, 1903). It can of course assume other forms, because we can

oh k@ ah]
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Wzzzz2z22zzz22222

Figure 7.2: Esvaziamento de um macico poroso

consider two-dimensional flow in the horizontal, a sloping acquifer, etc.. Again,
look it up in Brutsaert (2005) if you want more details.

Following Boussinesq, we will study a linearized problem first. Figure 7.2
shows three stages of the draining of an aquifer. At ¢t = 0, the aquifer is saturated
up to height H. At an intermediate time, there is a phreatic surface, and at t = oo,
the phreatic surface reaches (only asymptotically) the level Hy of the adjoining
channel to which water is draining.

One way to linearize the Boussinesq equation is this: let

Oh ks 9 0k _ kh&’h

at  n ox (9x_7@'

The most obvious (but not the only possible) value for para h is (Hy + H)/2, but
pretty much any value between Hy and H would be a valid (initial) attempt.

Problems involving partial differential equations (PDE’s) require boundary
conditions. Often, we call a condition in time an initial condition, although
technically it is a boundary condition in the time dimension. For our problem,
they are:

h(x,0) = H,
h(0,t) = Ho,
Oh(L,t)
= 0
Ox ’

and they have the following meanings:
h(x,0) = H = Initially the phreatic level is H in the whole domain.

h(0,t) = Hy = The phreatic level at x = 0 is Hy for all ¢ > 0.
Oh(L) . . . .
———— = 0 = Dueto the impermeable boundary on the right, there is no horizontal

flux of water at x = L.

The second condition above is nonhomogeneous:
h(0,t) # 0.

This usually spells problems, because a standard tool to solve linear PDE’s ana-
lytically is to employ Sturm-Liouville Theory, a theory that requires homogeneous
boundary conditions. At this point, therefore, it is customary to change the prob-
lem into one with homogeneous boundary conditions. For the case at hand, here
is how to do it: let

¢(x’ t) = h(x’ t) - HO;
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Note that Hy is constant; we obtain
0 2 2
G +Hy) _ oG+ Ho) _ 9 _ 9%
ot 0x? ot O0x?

Then, the boundary conditions in ¢ are simpler!

$(x,0) = h(x,0) — Hy = H — H,
$(0,t) = h(0,t) — Hy = Ho — Hp = 0,
OPp(L,t)  O(h(L,t)—Hy) Oh(L,t)
Ox - ox - ox -

0,

so that now we have homogeneous boundary conditions.
The next step is the famous method of separation of variables. It consists of
assuming

$lx,t) = X(x)T(2).

Get

a 2

(XT) _ 20*XT)
ot O0x?
XT' = *TX" =
1 TI X//

—_—— — = A

a2 T X

Above, there is a function of ¢ on the left-hand side, equal to a function of x on the
right-hand side. This cannot be, unless they are both equal to the constant A. This
is the crux of the method of separation of variables. Let me tell you, right here,
that this fortunate situation usually does not work in nonlinear problems.

At any rate, we have now two ordinary differential equations (ODE’s):

dr
— _MPT =0,
a

d*x

—Z _ix=o.
dx2

The first is a first-order equation, because the highest derivative is 1. The second
is a second-order equation, because the highest derivative is two.

We will need to match the solutions T(¢) and X(x) to the initial and boundary
conditions:

$(x,0) = X(x)T(0) = H — H(0),
$(0,1) = X(0)T(¢) = 0,
(L, t)  dX(L)
ox  dx

T(t) = 0.

Clearly, we will need to impose

X(0) =0,
dx(r)
dx 0.

We can go back to the initial condition ¢(x, 0) later on.
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We solve the first one first:
dT

— = 1a*T,
a M
dT

— = )Lazdt,
T

[
= (04 .
n, I t=0

In (%{:)) = \a’t,

T(t) = Toexp (Aazt) .
When I am solving problems using integrals, I always try to use definite integrals,
and to put sensible limits of integration in them. This requires understanding
clearly the role of dummy integration variables, such as T’ and ¢’.
The second equation is much harder. The first thing to notice is that, magically,
exp(rx) is a solution! Indeed,
X(x) = exp(rx),
X'(x) = rexp(rx),
X" (x) = r? exp(rx).
If we put this back into the ODE, we get
r2 exp(rx) — Aexp(rx) = 0,
(rz - )L) exp(rx) =0,
r? =,

r=+VL

What this means is that there are two functions which solve the ODE:
exp(\/zx) and exp(—\ﬁx).

Let’s call the two roots r; and r,. Because the ODE is linear, any linear
combination of them will also be a solution. Indeed,
X(x) = cj exp(rix) + ¢z exp(r2x),
X" (x) = clrl2 exp(rix) + czrz2 exp(rx)
= cidexp(rix) + coAexp(rax)
= Aler exp(rix) + c2 exp(r2x)]
X"(x) = AX = Acy exp(r1x) + ¢z exp(rax)] — A [c1 exp(r1x) + ¢z exp(r2x)]
=0.
So far we have effectively solved the equation. But we must also look at the
sign of A! Notice that, if A < 0, then r; and r, will be complex. Moreover, for
A > 0, there are more convenient forms to express the solution. Let us assume

A > 0, and that the solution X(x) € R. Given cj,c; € R, it is always possible to
find a, b € R such that

1
= E(a +b),
= l(a -b).

2
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Replacing these into the solution, we obtain
1 1
X(x) = 5(a+ b)etVAx 4 S(a- b)e~VAx
e+\/IX + e—ﬁx e+\/1x _ e—\/Ix
=a +b

2 2
=a cosh(\ﬁx) +b sinh(\ﬁx).

Let us see if A > 0 leads to a solution that satisfies our boundary conditions:

X(x) = acosh(VAx) + b sinh(VAx),
% =V1|a sinh(‘/zx) +b cosh(\ﬁx) .

Now,

X(0)=0 = a=0,
dx(L)

- =0= VAbcosh(VAL) = 0 < b = 0.

Thus, A > 0 produces only the trivial solution
X(x) = 0.

This is no good: it clearly cannot result in the solution ¢(x, t) that we are seeking
for our groundwater problem.
We must, therefore, proceed, testing the other possible signs for A. If A = 0,

d’x
@zo = X(x)=ax+b
X0)=0 = b=0,
dx
(L):0 = a=0.
dx

Again, A = 0 gives us only the trivial solution.
Finally, if A < 0, we need to express the solution in a more practical form.
Observe that in terms of exp(-), the solution is

X(x) =c; exp(+\/zx) + ¢ exp(—\/zx).

As it is, it is a complex number, because A < 0. The first thing we need to do is to
make this as explicit as possible:

exp(+VAx) = exp(irx),
where r = /|A]. Then,
X(x) = ¢ exp(irx) + ¢ exp(—irx).

At this point, we must realize that in principle X(x) is a complex number. This is
not so good, because we are seeking a real X(x) solution. Interestingly, we will
fix this situation by letting ¢; and c¢; be complex as well.

So we want to write the solution in a purely real form. We can do this using
two devices. First, we remember Euler’s formula:

exp(irx) = cos(rx) + isin(rx).
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The good news is that both r and x are real, so the cos(-) and sin(-) functions above
are the good old real versions of these trigonometric functions (there are complex
versions, but let us not care about them for the time being). Also, cos(-) is an even
function:

cos(—x) = cos(x),

while sin(-) is an odd function:
sin(—x) = —sin(x).
Using those facts, we rewrite the solution as

X(x) = cp [cos(rx) +isin(rx)] + cp [cos(rx) —isin(rx)]

= (c1 + ) cos(rx) + (c; — ¢)isin(rx).

Let us think about it again: if X(x) is to be real, we need to have ¢; + ¢, real, and
(c1 — ¢p)i real as well: how can we do it? Making ¢ and ¢; complex conjugates.
It is actually quite simple to do this: let a and b be real, and put

1
€= E(a — bi),
a+bi)
== i).
(6 ) a
Let us do the algebra now:

X(x) = %(a —bi) + %(a + bi) %(a —bi) — %(a + bi)| isin(rx)

cos(rx) +

= acos(rx) — b(i x i) sin(rx)

= acos(rx) + bsin(rx).

It worked: if A < 0, the expression above (remember: r = +/|A]) is the real solution.
Again, we try to match this solution to the boundary conditions

X(x) = acos(V—=Ax) + bsin(V-1Ax),
dXx
T = V=2 |-asin(V=ix) + b cos(\/—)tx)] ,
x
X0)=0 = a=0,
dX(L)
dx
We don’t want b to be zero: that would again give us a trivial solution. It is
the cossine that must be zero:

=0 = V-Abcos(V-1L)=0m

cos(r,L) =0,
1
rnL =(n+ E)n =2n+ l)g =
ml
rn = (2n + I)EZ

As you can see, an n has appeared. Why? Because for any n > 0, cos(r,L) = 0.
What this means is that the corresponding A’s are eigenvalues:

ml

-An=02 1)—-,
V-4 2n + )2L
2

In=—-Q2n+1)7>—.
(2n+1)">
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Moreover, for each n there will be a solution. They are
X,(x) = by, sin ((Zn + 1)%) .

Obtaining the eigenvalues and eigenfunctions is the central part of any solution
using the method of separation of variables. It is, in fact, an application of Sturm-
Liouville Theory. In the last lecture, we applied the theory “in practice”. Now you
will remember that we were trying to find solutions of the form

$x. 1) = X(0)T(2).

Because we found infinitely many X,’s, we must change this to:

Bx,t) = D Xn(0)Ta(0).
n=0

The first thing to do is to calculate the T,(t)’s. They are immediately obtained as

n’a?
T,.(t) = Ton exp [—(271 +1)? 3P t]

Observe that the boundary conditions,

$(0,1) =0,
Op(L,t)
0 0,

are already automatically obeyed. We are left to impose the initial condition:
¢(X, 0) =H- H().

At t = 0, then, we obtain:

Z)T()nbn sin ((2n 4 1)72“—2‘) = [H - Hy].

The constants Ty, and b,, are not independent! We must rewrite:
> Cusin ((2n + 1)5) — [H - H.
— 2L

The final step of the solution is the calculation of the C,,’s. Here is how we do
it:

sin ((2m + 1)%) i C,, sin ((2n + 1)%) = [H — Hp] sin ((Zm + 1)%) ,
n=0

i C,, sin ((Zm + 1)%) sin ((2n + 1)%) = [H — Hp] sin ((Zm + 1)%) ,

n=0

© L

ch/ sin ((2m + 1)9) sin ((2n + 1)E) dx =
- 20 20

n=0

[H - Hy] /L sin ((2m + 1);—2‘) dx.
x=0

The two integrals can be calculated really fast with the help of Maxima. If you
run this script,
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linel : 70 ;

declare ([m,n], integer) ;

declare ([L], noninteger) ;
assume( L > 0) ;

fm : sin( (2*m +1)*%pixx/(2*L)) ;
fn : sin( (2%n +1)*Y%pi*x/(2xL)) ;
I1 : integrate (fm*fn,x,0,L);

I2 : integrate(fm*fm,x,0,L);

I3 : integrate(fm,x,0,L);
trigreduce (%) ;

you get:

(%i1) batch("maxints.max")
(%12) declare([m,n],integer)

(%02) done
(%13) declare([L],noninteger)

(%03) done
(%i4) assume(L > 0)

(%o4) [L > 0]

(%i5) fm:sin ((1+2*m)*%pi*x/(2*L))

(%05) sin(--------=------ )
(%i6) fn:sin((1+2*n)*Ypi*x/(2%L))

(%o086) sin(--------------- )
(%i7) I1:integrate (fm*fn,x,0,L)

(hoT) 0

(%18) I2:integrate (fm*fm,x,0,L)

(%08)

(%19) I3:integrate(fm,x,0,L)
2 %pi m + %pi

2 cos(------------- ) L
2 L 2
(%09) e
2 %pi m + %pi 2 %pi m + Y%pi
(%i10) trigreduce (%)
2 L

(%010 e o
2 %pi m + Y%pi

Here is what it means:

m#n= /x; sin ((2m + 1)72‘—’;) sin ((zn + 1)72[—2) dx = 0,

L

L
m#n= » sin ((2m + 1)72[—2() sin ((Zn + 1)72[—2) dx = 5
L
2L
/ sin ((2m + 1)3) dr= ——
=0 2L n(2m+ 1)
Only n = m survives in the sum on the right-hand side. The result is
oL [H — Hy] 2L
may T O xC2m+ 1)
Cm = [H — Hp] 4
" 0 n2m+ 1)

Here is our solution:

— 4[H - Hy| . X n2a?
h(x,t) = Hy + Z H sin ((2n + 1)2—L) exp [—(Zn + l)zﬁt] .
n=0



Lesson 8

Misturas binarias

No inicio deste capitulo nés vamos seguir a esséncia da abordagem de Bird et al.
(1960, cap. 16): ela permite entender claramente o significado de difusao molecu-
lar de uma substancia em um fluido, e em nossa opinido evita totalmente confusdes
comuns a respeito do papel da difusdo e da advec¢do em meios continuos.

Além disso, nés vamos considerar, por simplicidade, apenas misturas bindrias,
com um soluto A dissolvido em um solvente B. A generalizacdo para misturas com
mais de 2 componentes € 6bvia.

Em uma mistura bindria nds postulamos a existéncia em cada ponto de uma
densidade para cada componente, {4 € ¢, de tal maneira que as massas totais de
A e B em um volume material € sdo, respectivamente,

MAZ/PAdV, MB:/deV-
(g (g

E evidente que, em cada ponto, devemos ter

P =pAa+tpB.

Note que essa abordagem postulatdria € compativel com a visdo tradicional
em Mecanica do Continuo. Prosseguindo, nds também postulamos a existéncia de
campos de velocidade para cada espécie, U 4 e U, cujas integrais em um volume
material sdo a quantidade de movimento total de cada espécie, respectivamente
P4 e Pg. Por analogia com as equacdes acima, temos

PA=/pAuAdV, PBI/pBquV.
€ €

Agora, a quantidade de movimento total do corpo que ocupa € deve ser

P:/pudV,
€

onde u € a velocidade do fluido em cada ponto, de tal forma que devemos ter

pU = paus + pBUB.

O ponto fundamental agora é perceber que € extremamente dificil, sendo
impossivel, medir diretamente u4 ¢ ug. Em seu lugar, ¢ muito mais simples
trabalhar unicamente com o campo de velocidade u do fluido como um todo em
cada ponto. Para tanto, nds definimos o vetor fluxo difusivo de massa de A:

Ja=palua—u].

55
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A concentragdo mdssica (ou fragdo de massa) de A é
CA E _7

e vale a lei de Fick em cada ponto:
Jja=-pDVc,

onde D € a difusividade molecular de A na mistura. Relacdes totalmente andlogas
também valem para o solvente B.
Finalmente, das equagdes acima obtém-se:

Ja+tijp=palua—ul+pplup—u]
= paua + ppup — (pa+pp)u
=pu—pu=0.

Essa equacdo € vélida em todos os pontos de um fluido, exceto talvez em uma
superficie onde haja um fluxo liquido de A para dentro da massa de fluido. Este
¢ um ponto muito importante, pois nosso objetivo neste capitulo € estudar com
razodvel detalhe o que acontece quando existe injecdo de massa para dentro de um
fluido.

Prosseguindo, o balanco integral de A € tdo simples quanto

0
0=— pAdV+f pa(n-uy) dA
ot @ R
0
= — pAdV+7§ pa(n-[uy—u+ul)da;
ot J Bz

0
—jiij(n-[uA—u])dA=E‘[gpAdV+§€ﬂpA(n-u)dA,

P
p =g [ padve § panewan
2 ot Jy k2

onde a introdugdo de j, na tltima linha segue-se de sua definicdo. Uma deducdo
totalmente andloga vale para B.

A aplicacdo dos teoremas da divergéncia e da localizagdo para A e para B
produz, agora, duas equacdes diferenciais de balango de massa:

dpa + Opau; _ _8]A,i

ot 6Xi ﬁxi ’
dps N Oppui _ b,
ot ox; 0x; '

A soma das duas tem que restaurar a equacao da continuidade; dada as equagdes
p=patps,
puU = pauA + PBUB,
segue-se necessariamente que

Oja,i N JjB,i

=0.
Bxi axi

Esta equagdo vale sempre; duas coisas podem acontecer. No caso mais geral,
qualquer difusdo molecular do soluto A € compensada por difusdo molecular,
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também do solvente B, de uma certa forma, “no sentido oposto”. Note entretanto
que ela estipula que é a soma das divergéncias dos fluxos difusivos de massa que
¢ nula. Uma situacdo particular que pode ocorrer é o caso em que j, = const. e
Jjg = 0; portanto € possivel ocorrer fluxo difusivo apenas do soluto, desde que a
sua divergéncia seja nula. E comum a confusio entre um fluxo e sua divergéncia
nas equacdes de um meio continuo, e este € um bom exemplo para explicitar sua
diferenca.

Consideremos agora uma situacdo em que temos um escoamento predomi-
nantemente horizontal (na direcdo “x”’) de uma mistura sobre uma placa através
da qual ocorre uma injecao de um fluxo de massa de A, constante e igual a 4.
Suponha também que ndo ha fluxo de massa de B através da placa, ou seja, que
ppup = 0em z = 0. A conclusdo a que chegamos, imediatamente, é que existe
uma velocidade advectiva de A w4, normal a placa, dada por

ma = PAWAO

Isso induz uma velocidade média vertical no escoamento em z = 0, pois
ma
PWO = PAWA) = W) = 7

A existéncia desta velocidade média “induzida” pela inje¢do de massa de A ¢é
muitas vezes denominada “escoamento de Stefan”.
Uma parte de riy € de natureza difusiva:

Jjao = pa(wao — wo)
= PAWAOD — PAWY =

PAWAD = jao + pawo.

Portanto,

PWo = jao + pawo,

dc
(p—pa)wo = jao = —pDa—,
z
oc
1-c)wy = -D—
(1 —c)wo 5’
o = — D dc(0)
0= 1-c¢ dz

Compare a equagdo acima com a equacgao (3) de Browers e Chesters (1991).

Suponhamos agora que o escoamento apresenta uma concentracao de A igual
acpemc =0, eigual acs em z = §. A equacdo de adveccio-difusdao de A
(que ja estudamos na licdo ??) serd no nosso caso simplificada (supondo regime
permanente e um problema bidimensional) para

@4_ @—D (9_204_(9_20
“ox Vo T \ox2 T ay?)

Se pudermos, ainda mais, desprezar os termos advectivo e difusivo horizontais,
ficaremos com
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Além disso, se nossas hipéteses para o fluxo de massa vertical de A (e também
o de B) valerem ndo somente na superficie, mas em toda a regidio 0 < z < 6,
teremos

D [dc}2 _ d%c

1-c|dz @’
2 2
d d
) el (1- c)—c.
dz dz2

Interessantemente, Browers e Chesters (1991) sequer listam a equagao diferencial!
E evidente que, se estivermos lendo o paper deles, teremos que entender (ou seja,
refazer) como eles obtém a solucdo deste sub-problema. Este é, agora, o nosso
objetivo nesta li¢do.

As condig¢des de contorno do problema serao

¢(0) = co,
c(b) = cs.

Browers e Chesters (1991) ddo a solugao analitica:

1—
c(z)=1-(1—-cp)exp [ln(l_iZ)g].

Nao sabemos (ainda) como eles a obtiveram, mas podemos ao menos verificar se
a expressdo acima de fato resolve a equacdo diferencial. Esta é uma abordagem
“de tr4s para frente”, mas nenhuma abordagem vélida, ainda que deselegante, deve
ser descontada em Matemdtica Aplicada! Além disso, existem simbolos demais
na expressao da solugdo, que ndo afetam as derivadas em relacdo a z!. Fagcamos
portanto

c(z) =1 -1 —co)exp(kz),
c’(z) = =(1 = cp)k exp(kz),
¢”(z) = —(1 — co)k? exp(kz).

Os dois lados da equagdo diferencial, agora, sdo

2
- [g] = —(1 — ¢o)?k? exp(2kz),

d*c 219
(1- c)@ = —(1 = co)"k” exp(2kz).

Eles sdo iguais, e portanto a solu¢do estd correta. Mas como ela foi obtida? Da
seguinte maneira:

f=1-c¢
df de
Az~ dz
&f  d
22~ d2?

f [df)
- @4‘[&] =0.
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Essa equagdo em f € ligeiramente mais simples do que a original em c. Além
disso, um pouco surpreendentemente, ela pode ser manipulada! Veja:

4 (). 190,
C fdz " 42’

dg \dz
df\ _df _df.
dﬁﬁ‘Txa’
a(f) ar
e

A integral de ambos os lados acima é o In !

In

d
d—f‘ = In|f] +In |k

d
ln’—f‘ =In|k’f|;
dz

df
T
dz k' f
df

L —kf:

dz f

d

—f=kdz;

f
In|f|=kz+b";

|f1 = exp(b”) exp(kz)
f = b’ exp(kz);
f = bexp(kz).
Portanto,
¢ =1-bexp(kz).
Precisamos ainda fazer com que valham as condi¢des de contorno do problema.
Elas geram o sistema de equagdes
Cco = 1- b,
cs =1 —bexp(kd)
Da primeira,
b=1- Q.
Levando este resultado na segunda,
¢s = 1 = (1 —co)exp(kd);
cs — 1 =—(1—cp)exp(kd);
(I —cs) = (1 - co) exp(kd);

1-
exp(kd) = —2;
1-c¢co
k5:ln[1_65};
1—-c¢co
1 1—05
k=-=1 ,
1) n[l—CQ}

e isso completa a solucdo da equagdo diferencial.



Lesson 9

A transformacao de Boltzmann, e
a equacao de Boussinesq

Nem sempre as “dimensdes fundamentais” de um problema sao M, L e T. Con-
sidere novamente a equacio de Boussinesq,

oh ko
dt  n Ox

oh
ox |’
Em um aquifero semi-infino (em x), inicialmente cheio até hgy, conforme visto na
figura 9.1.

O dominio espacial € 0 < x < oo, e 0 dominio temporal € t > 0. Lembre-se de
que o fluxo méssico de dgua através de um plano vertical € dado pela lei de Darcy,

Oh
x = —pks—.
q p Ix

Em principio, as varidveis do problema (dadas pela equagao diferencial parcial)
e suas dimensdes fundamentais sdo

[x] =L,
[t] =T,

[h] =L,
[ho] =L,
[[ks]] = LT_1’
[na] = 1.

Uma vez que ng é adimensioanl, hd 5 varidveis dimensionais, e duas dimensodes
indpendentes: esperamos encontrar 3 grupos adimensionais (a rigor, entretanto, é

Figure 9.1: Drainage from a semi-infinite aquifer initially fully saturated.
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preciso montar a matriz dimensional do problema, e calcular seu posto: veja Dias
(2017)). A forma geral da solugdo portanto deve ser do tipo 13 = f(I1;,II,). Isso
é razodvel, ja que em termos das varidveis dimensionais, estamos procurando uma
funcdo h = h(x, t) de duas varidveis.

Em uma anélise mais detida da fisica, entretanto, notamos que o vetor fluxo de
massa q ¢ horizontal. Além disso, neste particular problema as escalas horizontais
sd0 muito maiores do que as verticais. Isso sugere um conjunto diferente de
dimensdes fundamentais:

[x] =X,

[e] =T,

[n] = Z.
[hol = 2,
k] =x2z7'171,

[n] = 1.

Agora, estamos supondo que comprimentos horizontais possuem uma dimensao
(X) distinta daquela de comprimentos verticais (Z).
Na lista acima, as dimensdes de ks foram obitdas da seguinte forma:

lpl =Mx 'y 'z,

oh o
lgx] = |[pksa—xﬂ =MYTTZ7IT,

[Ks] = [ax] [M ﬂ%ﬂ ]_1

=MYIZTTT MXTTYT 2 X T =T

Isso sugere que hé apenas dois grupos adimensionais, ou seja, que a solugéo
do problema é da forma IT; = ¢(II). Mas isso € o tipo de resultado obtido com
a integracdo de uma equacdo diferencial ordindria! Talvez haja uma maneira de
reduzir o problema a uma EDO, e de fato ha.

A tnica maneira de adimensionalizar h é divindido-a por hy (II} = h/hg).
Portanto, primeiro nds reescrevemos

O35 _ hoks 9 | h 9%
ot n Ox |hy Ox
o1l 0 ﬁﬂl}
Zl I —L

ot ox| ox

onde D = hoks/n.
As varidveis restantes, x, t e D, t€m que formar o outro parametro adimensional.

E trivial verificar que ele é
x

V4Dt

I, =

De fato,
[D] =zx*Zz'T'=XxX*T"".

O nimero adimensional 4 € introduzido apenas para simplificar a dlgebra subse-
quente. Em seguida, serd mais confortdvel escrever

¢ =114,
& =T1I,.
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Estamos portanto procurando a fungéo ¢ tal que

® = $(8).

Note a distin¢ao cuidadosa entre a funcdo ¢ e a varidvel dependente ®. Algumas
vezes, esse tipo de distingdo carrega demasiadamente a notacdo, e ndo é de fato
necessdria, mas muitas outras vezes (Como no nosso caso aqui), ela vale muito a

pena.
Com o auxilio da regra da cadeia, temos agora

(')CD_a X
Eﬁ#“ﬁ”

_d¢ o¢

4o

B xD d¢

T 4Dt dE’
00 dpot 1 d¢
dx ~ dfdx ~ 4D dé’
00 dpo¢ 1 dp
ox Ydtox ~ Napi dE

d [ 8@]_ 1 d [ dﬂag

dx| +apidé |7 dE| ox
1 d[,d¢g
‘E@VE

Fazendo as substituicdes correspondentes na EDP original,

ox

__xD_dp D d [ dj|
4(Dr)3/2dé  4DtdE | dE |
D 2 %_Dd'qsdq’)'
4Dt (4Dt)!/2 d¢ ~ 4Dt d& |” dE |
D 2x d¢ D d[,dg]
4Dt (4Dt)V/2 d¢ 4Dt dE |7 dé |
d
R ¢% +2 % —
dé | " dé dé¢
Essa é uma equacao diferencial ordindria ndo-linear de ordem 2, com coefi-

cientes ndo-constantes. Sua solucdo envolve duas condi¢gdes de contorno em ¢ ou
em sua derivada. As 3 condicdes originais eram

0.

h(x, 0) = ho,
h(0,t) =0,
h(oco, t) = hy.
Agora, elas se tornam
O(x,0) =1 = ¢(c0) =1,
@(0,t)=0 = $(0) =0,
D(o0,t) =1 = ¢P(c0) = 1.
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Ha portanto apenas duas condi¢gdes de contorno independentes para a EDO. A co-
incidéncia dos valores de duas das condi¢des originais € uma condi¢do necessaria
para que a transformacdo de Boltzmann funcione.

No6s vamos resolver a EDO de Boussinesq com um método denominado
solucdo em série. A ideia € relativamente simples: algumas EDO’s ndo podem ser
resolvidas analiticamente em termos de uma forma fechada simples, envolvendo
funcdes tais como sin, cos, exp, etc.. Uma alternativa atraente é procurar uma
série que represente a solugao:

P(E) = co + 1 EP + P2 + c3EP° + . ..

Quando os expoentes p1, p2, p3 - . . s20 inteiros positivos nds estamos diante de uma
série de Taylor, mas muitas vezes uma abordagem mais sofisticada, denominada
Meétodo de Frobenius, leva a expoentes ndo-inteiros (em geral racionais). No nosso
caso, entretanto, nem mesmo o Método de Frobenius & aplicdvel, porque nossa
EDO ¢ nao-linear.

Um ponto muito importante é o seguinte: o que acontece com a série em seus
termos mais baixos quando & — 0? Note que, dada a condi¢do ¢(0) = 0, devemos
ter ¢g = 0. Portanto,

£ — 0= ¢() = c1é” + TOA,

onde TOA indica “termos de ordem alta”. Em seguida, nés tentaremos encontrar
o valor de p.

Isso é possivel por meio de uma andlise assintotica. Comecemos por substituir
a expressdo acima na equacgao diferencial. Obviamente, isso ndo é a solu¢do, mas
sim uma aproximagao valida apenas para & muito pequeno. Obtemos:

dig [Clgpl X clpléf[’l—]] +2§C1p1§Pl_l ~ 0,

d -
C%pld_g [£7171] +2e1p1 8P ~ 0,

ctp1(2py — 1)EX172 4 2¢1p P! = 0,
c1(2pr = DEN2 4287 ~ 0.

Naturalmente, ndo desejamos c¢; = 0. O segundo termo do lado esquerdo nunca
serd nulo, mas desde que p; > O ele se tornard tdo pequeno quando desejemos
quando ¢ — 0, e isso € suficiente para nés.

Continuando, suponha que p; < 2; entdo, 2p; — 2 < pj, € isso significa que
£2P1=2 — 0 mais devagar do que £P': para & pequeno, o primeiro termo serd
maior do que o segundo. NOs podemos anular este primeiro termo se fizermos

p1=1/2,

enquanto que devemos nos lembrar de que o segundo termo, que tende a zero
£ 66

mais rapidamente (ou seja, que € “menor”) tem que ser deixado como estd. Uma
consequéncia interessante de fazermos p; = 1/2 é que

d
lim ¢—¢ = const..
£—0" d

Fisicamente, o produto ¢d¢/dé é uma vazdo. Isso estd OK, porque deve haver
uma vazao finita (fluindo através de uma drea infinitamente pequena) em x = 0 (e
consequentemente em ¢ = 0, enquanto o aquifero se esvazia.
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O grande problema da solugdo em série € a obtencdo da constante acima, que
estd relacionada com c;. De fato, temos

¢ ~fc1§1/2,
d
b =9 ~ 5t

Todas as solugdes conhecidas em série dependem criticamente do valor de y,
definido como

2yp = c%.

Existe uma tnica maneira “analitica” de obter ¢y (Chor, 2014); todas as demais
sdo numéricas. Alternativas numéricas podem ser encontradas em Chor et al.
(2013a) assim como em Dias (2017).

Todas as alternativas numéricas significam, na pratica, resolver numericamente
a equacdo diferencial ordindria. Nesse sentido, é um pouco frustrante ter que
resolver toda a equagdo numericamente para s entdo poder obter ¢;! Isso significa
que na prética qualquer solucdo analitica “em série” s6 poderd ser obtida depois
que a solug@o numérica tiver sido calculada. Esquecendo um pouco isso, vamos
dar aqui o valor de c;:

c1 = 1.15248832742930.

Considere agora uma expansao em série na forma

[0e]

(&)= cat™.

n=1

O interessante é que agora é possivel obter relacdes recursivas entre os c,’s.
Inicialmente, tentemos uma série bem curta:

$(&) = c1&'? + oo,

e substituamos na equacao diferencial para ver no que dd. Com Maxima,

(%i1) c[1] : 1.15248832792930 ;

(%ol) 1.1524883279293
(%i2) fi : sum( c[nl*xi~(n/2), n, 1, 2) ;
(%o2) c xi + 1.1524883279293 sqrt(xi)

2
(%13) eq : expand(diff (fixdiff (fi,xi),xi) + 2*xi*xdiff (fi,xi)) ;
0.86436624594697 c¢

(%03) 2 ¢ xi + 1.1524883279293 sqrt(xi) + ------------------—- + c
2 sqrt (xi) 2

Vamos traduzir: para ¢ pequeno, temos agora

0.86437
Tcz + C% ~ 0.

Porém, a medida que ¢ se torna pequeno, temos agora um termo que fica cada vez
maior,

lel/z + 2C2§ +

0.86437¢

VE
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€ outro que permanece constante,
2
5.

Isso ndo € possivel, a ndo ser, claro, que c; = 0. De posse dessa informacdo,
tentemos o proximo termo:

$(&) = 1'% + 3812,

Agora teremos:

(%i1) linel : 70 ;

(%hol) 70
(%i2) c[1] : 1.15248832792930 ;
(%ho2) 1.1524883279293
(hi3) cl[2] : 0 ;
(ho3) 0
(%hi4) fi : sum( c[nl*xi~(n/2), n, 1, 3) ;
3/2
(%hod) c xi + 1.1524883279293 sqrt(xi)
3
(%1i5) eq : expand(diff (fixdiff (fi,xi),xi) + 2xxi*xdiff (fi,xi)) ;
3/2 2
(ho8) 3 ¢ xi + 3 ¢ xi + 1.1524883279293 sqrt(xi)
3 3

+ 2.3049766558586 c
3

Novamente, 2 medida em que ¢ se torna pequeno, temos um termo que permanece
constante,
2.3050c3.

Nao queremos isso, e fazemos c¢3 = 0. Seguimos portanto para uma solucio do
tipo

B(&) = 1 &7 + p 82

Agora teremos

(%i1) linel : 70 ;

(%hol) 70
(%i2) c[1] : 1.15248832792930 ;
(%ho2) 1.1524883279293
(%i3) c[2] : 0 ;
(%03) 0
(%i4) c[3]1 : 0 ;
(%o4d) 0
(%i5) fi : sum( c[nl*xi~(n/2), n, 1, 4) ;
2
(%05) c xi + 1.1524883279293 sqrt(xi)
4
(%i6) eq : expand(diff (fixdiff (fi,xi),xi) + 2*xi*xdiff (fi,xi)) ;
2 2 2
(%06) 6 ¢ xi + 4 ¢ xi + 4.321831229734874 ¢ sqrt(xi)
4 4 4

+ 1.1524883279293 sqrt(xi)

Finalmente, temos algo aqui! Desprezando os termos de maior ordem (em &),
nossa solugao é
P(&) ~ [c) +4.3218¢4] €12 ~ 0;

isso tem solugdo, como mostra a continuacao da sessdo de Maxima:

(%i7) coeff (%,xi,1/2) ;

(%hoT) 4.321831229734874 ¢ + 1.1524883279293
4

(%1i8) solve(%,cl[4]) ;
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rat: replaced 1.1524883279293 by 124148713/107722317 = 1.1524883279293

rat: replaced 4.321831229734874 by 125064949/28937953 = 4.321831229734874

3592609621804489
(%08) [¢e = - -"-""""""--""--- ]
4 13472286081766833
(%1i9) bfloat (%);
(%09) [c = - 2.666666666666667b-1]

4

donde ¢y = —2.6666 x 107!
Uma anélise cuidadosa e analitica das relagdes de recursdo que estamos en-
contrando por tentativa e erro produz (Chor et al., 2013a)

n+3

n+2
Cn = — " Z kexen—ki4.
k=1

4

Os dois coeficientes nulos se repetirdo apds c4 (¢5 = ¢ = 0), e assim por diante. Na
verdade, é melhor trabalhar com a série contendo apenas coeficientes ndo nulos,
na forma

- 3n+l
$E) =D ant T,
n=0
que d4 a relacdo de recorréncia
1 4B3n+ Da, 3n+5 <
=- + -
I = T GBn+5) | 3n+3 PILTE

k=1

O programa em Maxima a seguir calcula 50 valores de a,, a partir de n = 1:

M : 50 ;
al[0]: 1.15248832742929 ;
fi : sum(aln]l*x~((3*n+1)/2),n,0,M) ;
eq : expand( diff (fixdiff (fi,x),x) + 2*x*xdiff (fi,x) ) ;
cond : [] ;
file_output_append : true ;
with_stdout ("se_xi.txt",print(string(float(al[0]))));
for n : 0 thru M-1 do (
eqqu : ev(coeff(eq,x,(3*n+1)/2),cond) ,
this : solve(eqqu,aln+1]),
cond : append(cond,this),
this : first(this),
al[n+1] : rhs(this),
with_stdout ("se_xi.txt",print(float(aln+1]1)))

A tabela a seguir (Chor et al., 2013b) d4 os 11 primeiros valores:
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1.2

T T
sol. numérica
sol em série

TN
// \

0.2 \
0.0

1.0

$(£)

Figure 9.2: Comparagdo da integragdo numeérica do problema de Boussinesq para
um aquifero semi-infinito com a solu¢do em série (11 termos).

Coeficiente Valor
a0 +1,15248832742929 x 10*0
ai -0,26666666666667 x 100
@ +0,046276679827463 x 10*0
a3 —6,4894881692528425 x 10+
as -9,4517828664332276 x 10~
as —2,5400784492116708 x 1073
as +3,5810599703874529 x 1073
a; +3,8844564686017651 x 107°
ag -1,4163383082670557 x 107°
ag -3,2740710683167304 x 1077
amn +4,5534502970990704 x 10~8

Ao mesmo tempo, uma solugido numérica de ¢(¢) e de /(¢) € mostrada na figura
9.2. E obviamente interessante compararmos uma solu¢io numérica com a série
que obtivemos. Solugdes numéricas sdo propostas e estudadas em profundidade
em Chor (2014), Chor et al. (2013a) e Chor et al. (2015). Uma solucao numérica
também & apresentada em Dias (2017). A figura 9.2 mostra a comparacio das
duas, com os 11 termos cujos coeficientes a, estdo dados na tabela acima.

O que estd acontecendo? A série (linha continua) e a solugdo numérica
concordam muito bem até um pouco depois de £ = 2. Logo depois, entretanto,
a série (a rigor a soma de seus 11 primeiros termos) diverge violentamente,
mergulhando para baixo e depois reaparecendo um pouco depois de £ = 4 “indo
para cima”. O problema, analisado em detalhe em Chor (2014) e Chor et al.
(2013a), é que o raio de convergéncia de nossa série € finito. O raio de convergéncia
da série € R = 2.3757445 (Chor et al., 2013a).

Para valores além de (aproximadamente) 2, a série que obtivemos nao pode ser
aplicada. Uma alternativa de “‘continuar” a solucao analitica para além desse ponto
é obter uma aproximagdo assintdtica para a solucdo. Fazemos isso expandindo a
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equacdo diferencial,
&4 [dg]?
Cp (o], .00 _
gz " |d¢ &
e em seguida notando que a solugdo ¢ ~ 1 apds ¢ = 2. Entdo, substituimos esse
valor na equacdo acima, e encontramos uma equagdo diferencial aproximada

P [dp]’ g
@’ [d&] tagE =

Agora, temos uma equagdo sem ¢, envolvendo apenas as suas derivadas de ordem 1
e 2. Isso permite imediatamente a aplicacdo de uma técnica denominada “redugao
de ordem”, e que € 6bvia:

0.

£&) = Zf
df
iz +f +28f =0,
§+2§f 7.

Esta é uma equacgao de Bernoulli (Dias, 2017, secdo 8.4), e pode ser resolvida com
a transformacao de varidveis:

-1
g=rf.
Qg __a0f
dé aE =
»d 2
el 2
¢ f
dg
—2ég=1.
@ £9 =
Temos agora uma EDO linear, de 1¢ ordem, que Maxima sabe resolver facilmente:
(%1i1) edo : 'diff(g,x) - 2%x*g - 1 ;
dg
(ho1) -2gx+ - -1
dx
(%12) ode2(edo,g,x);
2
X sqrt (%pi) erf(x)
(%02) g = he (-mmmmmmmm - + %he)
2
(%i3) £ : 1/rhs(%);
2

(ho3)  mmmmmm—————m—————m -

(%i4) fi : integrate(f,x);

(od) log(---------------- + Y%c)

Portanto,

¢(&) =1n (? erf(&) + k1) + ko
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Figure 9.3: Combina¢do da solu¢do em série com 11 termos com uma solugdo
assintdtica da equacdo de Boussinesq.

Podemos simplificar:

o6 = o [ ert(6) + ) +
#(0) = [ﬁ (erf(®) + )| + ko,
$(¢)=In [ + In (erf(&) + ¢1) + ko,

¢(§) = In(erf(f) + c1) + ca.
Desejamos que ¢(c0) = 1:
1= ln(l + C]) + .

Uma forma elegante — e nada 6bvia — de atender a essa condicdo ¢é fazer

Em¢& = 2,asomados 11 primeiros termos de nossa série vale ¢(¢) ~ 0.993981.
Facamos

0.993981 = In (M) 1>

1+ C1l
¢l = 2.909725086888533 x 107"

Plotemos agora a série juntamente com a nossa aproximacgao assintética, na
figura 9.3. Note como o “casamento” de ambas & bastante satisfatério: podemos
portanto utilizar na prética nossa série (com 11 termos, por exemplo) até ¢ =2, e
a aproximagao assintdtica, com o valor de ¢; obtido acima, a partir desse ponto.



Lesson 10

Um problema parabdlico
nao-linear

10.1 A equacao de Boussinesq nao-linear

A equacdo de Boussinesq para d4guas subterraneas, adimensionalizada, tem a forma

on _ 9 ( dn
ot ox \Tox|"

As condig¢des de contorno que utilizaremos sao
n(0,t) =0, t >0,

d
T,n=0, t>0.
ox

A condig¢@o inicial que utilizaremos € incompleta, e envolve apenas um ponto do
perfil inicial:
n(1,0)=1;

em um problema linear tradicional, a condi¢cdo correspondente seria

n(x,0) = f(x).

Conforme veremos, o problema tem solucio analitica possivel apenas para uma
particular forma para f(x): as solu¢des que obteremos serdo auto-similares. O que
isso significa, e porque as solucdes analiticas desse problema nao-linear sdo apenas
possiveis para particulares formas funcionais de f(x) ficard claro na sequéncia.

Tentaremos o método de separacdo de varidveis (que raramente funciona em
problemas nao-lineares — mais vai funcionar neste caso!)

n=X()T(t)

e substituimos na equacao original, que nos d4

dr d dx
X9 a(xna)
Xd_T =TZi (Xg)

dt dx dx
1dT 1d dx)
ﬁa—m( d_)_

70
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Num ambiente tradicional, procurarfamos agora o problema de Sturm-Liouville;
no entanto, nenhuma das duas equagdes diferenciais que n6s podemos obter a partir
do método de separacdo de varidveis produz um problema de Sturm-Liouville!
Estamos perdidos, e a Teoria de Sturm-Liouville ndo nos guiard para a solugao.
Precisaremos ser mais “empiricos”, e ir tateando no rumo da solugdo. A equagdo
ordindriaem T é

dT
EZCIdt,
! T
-—=—-c=c
T 2 1
! +cT
—= =¢C C
T 2 1
1
T=—"—_
c+cT
1
:—)(c—2
c+cT (%)
1 1 1
= X —
¢y + eyt C—12
1 1 1 1

co 1+t o (l+at)
Nesse ponto, nds “descobrimos” um tipo de solu¢@o que tem a forma

. X/a
T= Z0far)

E claro que é conveniente mudarmos um pouco a forma da solugo; sem perda de
generalidade, fazemos

_ F(x)
T l+at

—F(x) = n(x,t)

X(x)
o
Essa é a forma na qual procuraremos, a partir de agora, uma solu¢do. Note
também que, uma vez que a equagdo de Boussinesq que estamos tentando resolver
€ ndo linear, ndo ha a possibilidade de somar (infinitos) termos de uma série: ou
resolvemos o problema com uma unica F(x), ou nada feito! Portanto, a solugdo
apontada acima € uma solugio auto-similar: a forma da superficie freatica, F(x),
uma vez atingida, ndo muda mais!

E nesse sentido que a solucio que estamos obtendo ndo é suficientemente
“geral”: na verdade, nds estamos encontrando a solucdo de um problema apés
a superficie fredtica ter evoluido, desde uma forma inicial arbitraria f(x), para a
forma auto-similar F(x) que se mantera até o fim do problema.

Prosseguindo,
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Com a ajuda de

dx  dx
1d

d (F?\| _
P (%) =
d[d (F?
a[@(?)]*ﬂ”'

A substitui¢do que se segue € a primeira vista um pouco estranha, mas vélida!

dF _d (F?
2 2

ficamos com

_4d (P
p_dx 2]
dp
e S
dx “

2
dx:d(F/z).
p

A idéia € eliminar x (!), do que resulta

dp

arp -
P
pdp = —aF(FdF),
2 F3
% = —a? + c3.

Podemos agora reintroduzir a dependéncia em x; a0 mesmo tempo, mudamos as
varidveis de integragdo de x para ¢, e de F para y:

dr?/21>  2a
Sy SR Y
[ dx 30 Tee
4P _(p 205\
ydy _
o =t

2a.3
(203 -3y )
Agora, integramos para recuperar os simbolos x e F:

/OF%:/O}C%

2c3 — 3Y

/“’”L”
0 ( 1/2

/
2c3 - 23,—ay3)

Observe que o que € calculdvel € o lado esquerdo: portanto, € mais natural pensar
em (quer dizer: calcular) x(F) do que F(x)!

As integrais acima da@o conta das condi¢des de contorno, mas ainda precisamos
impor nossa “condigdo inicial” dn(1, t)/dx = 0, que se traduz em

dF(1)
=0
dx
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Mas como nfo “temos” F(x), e sim x(F), nds vamos precisar da regra de Leibniz:

d [b® bor db da
E att) f(x, t) dx = L E dx + f(b, t)a - f((l, t)a

Para ndo interrompermos a narrativa interessante de obter a solu¢do de uma E.D.P.
ndo-linear, serd melhor se aceitarmos a validade da regra de Leibniz por enquanto.
Depois que tivermos resolvido o problema, voltaremos a ela, e a deduziremos.
Seguindo,

| = F dF
- 172 dy’
(203 - 2T“F3) dx
dF (2‘?3 - ZT“F3)
dx F
Porém,
F(l)=1,
dF(1) 3
dx
donde )
a a
203—?:0 = C3—§;

donde nés retornamos para

X = /F(X) —ydy
0 ( 3)1/2

2¢3 — %“y

- (2 ”2/”")&
2a o (I=yHv2

E claro que falta obter o valor de a; usando uma das condicdes de contorno,

’7(170) =1,
F(l) =1,

3\ ! 3\-1/2
12(%) /Oy(l—y)‘/dy-

O valor de a fica assim implicitamente determinado. Em termos de funcdes
da Fisica Matematica, entretanto, € conveniente avancar um pouco mais, e utilizar
a funcdo Beta. Ela € definida por

1
B(p,q) = ./0 WP (1 —u) ' du.

A funcdo Beta é convenientemente tabelada (ou programada!) em diversas refer-
éncias.
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A comparagdo entre as duas ultimas equacdes acima sugere imediatamente
u= y3; entao,

y=u'l3,
[
dy = 34 du,
1 1/2 1
1= (—) / u B w7 du
6a 0
112
1= () Besan.

a = [B(2/3,1/2)]*/6.

Retornemos agora para o calculo de x(F):

3 1/2 F(x) .
x=(2—a) /O y(1-1)"* dy

_ 3x6 1/2 nF(x) i
“(smonimy) [ vt

F(x)

3 31/2
. R -2
B3, 1/2)/0 y(—y) " dy
F3(x)

_ 1 1301 n-1)2
= B—(2/3,1/2)/0 u 2(1 —u) du.

A equagdo acima € uma funcgdo Beta incompleta I3(2/3,1/2) (veja Press et al.,
1992, se¢do 6.4). Portanto,

x=1Ix(2/3,1/2)m

10.2 A regra de Leibniz

A regra de Leibniz é

d [v® db da b®) 3 f(x, 1)
a e f(x, t) dx = f(b, t)a - f(a, t)a + L(t) T dx.
Uma demonstracao particularmente interessante da regra de Leibniz é baseada
em uma abordagem lagrangeana do significado da integral do lado esquerdo da
equacgdo acima. A idéia € interpretar que a(t) e b(t) sdo as posi¢des de particulas
materiais que, em ¢ = 0, delimitam o intervalo [a, f] (veja a figura 10.1).
Agora, cada ponto desse intervalo também € uma particula que descreve um
movimento unidimensional do tipo

x = X(&,1),

onde £ € a posi¢do da particulaem ¢t = 0. Observe que ¢ € um marcador que define
qual € a particula, entre « e f, cujo movimento estd sendo descrito (veja a linha
tracejada na figura 10.1). Em particular,

a(t) = X(a, 1), (cil_t _ ang, 0
bt = X(B.r), 2 9XBD

dt ot
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b(t)

Figure 10.1: Uma deducdo lagrangeana da regra de Leibniz.

(veja a figura 10.1). A derivada total de x = X(&,1) é

d§ —dt (10.1)

Para cada valor fixo de ¢, mudamos a varidvel de x para £, de modo que a integral
do lado esquerdo da equagao da regra de Leibniz torna-se

B
/fWMN%%&

O integrando dessa expressao € uma funcdo apenas de ¢, € os limites de integracao
a e B, ndo dependem de t. Dessa forma, € possivel agora fazer

5/0( f(X(§,t),t)a—)§d§:/a E[f(X(sz,t),t) aig(] d
9°X

8 0X
:/a [ (f (X010 G f8t3§} *
5 X d 0X
=L[avmmww?*%ﬁkg

Este € um ponto que requer cuidado! Observe:

0 _OfoX O
S (FXED ) = S5+ S

portanto,

d [btw ~ af 0X af\ox .9 dX
i Ly v [C(G5 ) 5 v |

dt Jo
/ [(afax+af)ax fa (ax)ax] &

ox Ot 9E 9E
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Note o surgimento de dX/dt: € conveniente dar-lhe um nome:

0X(&, 1)
ot

u(x,t) = u(X(&,t),t) =

E evidente que u indica a velocidade de cada particula. Agora, nés voltamos de
uma integral em & para uma integral em x:

d [b® o rf of , of X
e o f(x,t)dt —'/a [ua Bt f ] (9§ d
-/ or ) o

or T Tox | oF

b(1) [8f a(uf)
—/(t) ot ox

b(t) b(t) g "
N / fe)
at)y Jawy Ot

=ulx, t)f(x,t)

Finalmente, em vista de nossas definicdes para u(t), a(t) e b(t),
0X(a,t) da
t),t) = =—,
u(a(®), ) ot dt

(0= X80 - .

Com isso, n6 obtemos, finalmente, a regra de Leibniz:

d [b® da b®) 3 f(x, 1)
e " f(x,t)dt = f(b, t) f(a’t)a_'-w/a(t) Fr dx

A deducido acima nada mais é do que a versdo unidimensional do teorema do
transporte de Reynolds (Kundu, 1990, cap. 4): esse tltimo desempenha um papel
fundamental em Mecanica dos Fluidos.

A regra de Leibniz é extremamente util! Por exemplo, em Finnigan (2006),

encontramos o seguinte trecho:

Generalizing the time averaging operator in Eq. (1) to a moving average

filter, we define,
) 1 t+P
) = — t"yatr’
@ =55 [ e

.. and it’s straightforward to show that

act e
ot~ ot

A prova depende da regra de Leibniz: primeiramente,

T e,
at 2P ) p ar

= S5 le(P) = e-P)],
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onde nds omitimos o sobrescrito P por simplicidade. Do outro lado da igualdade
nés precisamos da regra de Leibniz:
g o1 [P

E = Eﬁ p C(T)dT

10 t+P
= ﬁ&/p c(r)dr
t_

1 d(t + P) d(t - P) 1 /”P dc(r)
=5p [c(t+P) " c(t-P) " + 5 ), "o dr
N——
=0

1

5 [e(P) = c(=P)] =



Lesson 11

A Transformada de Fourier

A transformada de Fourier € uma das ferramentas mais poderosas de Matematica
Aplicada. Ela € usada para decompor uma func¢do de acordo ndo com o seu
comportamento local (“f(x)”), mas com o comportamento sobre um conjunto
de escalas (“f(k)”), onde k é um nimero de onda (uma frequéncia angular). A
medida que nos acostumarmos com o cdlculo de transformadas de Fourier, e com
suas propriedades, nés poderemos comegar a “entender” o par f(x) < f(k) como
duas faces de uma mesma moeda, ou seja: como uma Unica entidade, que nés
usualmente identificamos no dominio do espago-tempo (f(x)), mas que possui
uma existéncia igualmente “real” e valida no dominio da frequéncia (f(k)).

11.1 Definicao e o teorema da inversao

A transformada de Fourier sera definida neste texto como
e 1 +0o .
F 0 = ) = o / Flx)ekrdx. (L1
T J-

O resultado mais importante de toda a teoria, sem ddvida, € o

Teorema 11.1 (Teorema da inversdo) Se f(k) ¢ definida por (11.1), entdo

f(x) = [ ~ Fk)e'** dk. (11.2)

11.2 O calculo de algumas transformadas

Esta é uma secdo de “maos a obra”, com alguns célculos de transformadas de
Fourier resolvidos.
Calcule f(k) para

X\2
flx)=e (@)
A fracdo no argumento € para nos lembrarmos de que em geral, em aplicacdes,

é preciso levar em consideracdo as dimensdes fisicas. Assim, se x é uma distincia
ao longo de uma reta,
[x] = [a] = L.

O célculo padrao é

fk) = % [+w e (3) eikx gy

(%)

_ L / |G ] g

21

(%)

78
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Aqui, o “truque” padrdo € “completar o quadrado”. Observe como x aparece com
as poténcias 2 e 1 acima; a idéia € encontrar um bindmio de x e uma constante que
resulte em um quadrado perfeito. A técnica € sistemadtica:

(a + B)* = a® +2ap + 2,

x
a=-,
a
20 = ikx,
donde
g = ikx B ikxa B ika
T 20 2x 27
8 = _k2a2
4
Agora,
2 x\2 K2a>  k%a?
(5) +ikx = (5) + ikx — ) + 1
_(x, ika), K
a2 4

A transformada desejada é

+00 .
Fo =5 [ e G o
T J—-

o0

1 ka2 (' ika\2
= 2—e_ T e_(§+lTa) dx.
TT _

(%)

Essa ndo € uma integral elementar, e precisa ser calculada com um certo
cuidado. Faca

. x ika
z:§+177:—+7, dz = dx/a,
a
e reescreva N
1Ka
~ 1 k2 [T
f(k) = —ae™ 3 e * dz.
on ool

Essa € uma integral de /inha no plano complexo; em primeiro lugar, note que neste
exemplo a parte real de z ndo € x, mas sim & = x/a; a parte imaginéria é n, e 0
caminho de integracdo € a reta n = ka/2.

Em seguida, note que g(z) = e~ éuma fungdo analitica em todo o plano £ Xn,
e portanto pelo Teorema de Cauchy qualquer integral em um contorno fechado de
g(z) é nula. Em seguida, considere o contorno mostrado na figura 11.1.

Pelo Teorema de Cauchy, entdo,

/ g(z)dz = 0.
ABCD

O trecho CD produz uma integral puramente real, e bem conhecida no lim L — oo:

-L
lim g(z)dz = lim / e dx = -\
L—oo J 1

L—o Jop
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A ka/2 B
D C
L +L 3

Figure 11.1: O contorno de integragdo de g(z) = e

A esperanga aqui € que | — 0 quando L — oo, de tal maneira que a integral

|/BC,DA
que precisamos calcular, fA 5 9(2) dz, seja dada em funcdo da integral conhecida

/c p9(z)dz.
A verificag@o ndo é muito dificil:

‘ /B FOLCE /B lo(2)d

ka/2 )
:/ e “|dz
n=0
ka/2 .,
— e—(L+1r7) dn
n=0
ka/2 . )
— e—(L +i2Ln—-n~) dl]

) ka/2 ) )
=e L / |e_’2L’7||e_’7 | dn
n=0
) ka/2 5
=et / e 7 dyp — 0 quando L — oo.
n=0
Por um procedimento similar,

lim =0.

L—co

f(z)dz
DA

Consequentemente,

+oo+ika/2 —o0 5
/ g(z)dz + / e ™ dx =0,
—oco+ika/2 +00

+oo+ika/2 —00 s
/ g(z)dz = —/ e dx = +Vm.
- +

co+ika/2 S
A transformada de Fourier desejada pode agora ser calculada, finalmente:

242 1 k2a?

Flh) = ‘z/—fae—’% - ﬁae— 3
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Se

a2

flx) =

2T 2. 2
(@) P

obtenha f(k).

fr= 5 [ e
T2t xX2+a? x
1 +00 2
> [cos(kx) —isen(kx)] dx

T e X2+4a
+o00
-2 ! cos (kaf) d(f),
2n Jowo 14 (1)2 a/ \a
a

pois o integrando envolvendo sen(-) € uma fungéo impar e a integral correspondente
se anula.
Fazendo ¢ = x/a,

Py = 28 [ costkad) 4 _ @ikl
foo=22 [ Trae=gete

Se

1
~ 5= |kl < ko,
qo = {2 K<k
0, k| > ko,

calcule g(x).

1 +k0 .
g(x) — 2_/ e+1kx dk
mJ-

ko
1 +ko
=5 / ) ek d(ikx)
—Ko
1

— . [e+ik0x _ e—ikox]
2mix

1
= — sen(kox) =
X
Calcule a transformada de Fourier de

0, |x| > 1;
fx)=4x+1, -1<x<0;
l1-x, O<x<1.

Note que f 6 par.
FUN =5 [ feetax
_ % _:0 F() [cos(kx) — i sen(kx)] dx
- % _:o F() cos(kx) dx

—cosk

1
= %'/0 f(x)cos(kx)dx = 1T "
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11.3 Linearidade; a transformada das derivadas

A transformada de Fourier € linear : se f(x) e g(x) sdo duas fun¢des transformaveis,
entao

Flaf @)+ o) = 5= [ Taf00+ patle ™ ax
= % 5 Fx)e ** dx + % [ . g(x)e *x dx
= af (k) + g(k). (11.3)

Suponha que f(x)e f(k) possuam um comportamento muito bom no infinito,
de tal maneira que

lim_f(x) =0, (11.4)
Jim f(k) =0. (11.5)

Intuitivamente, essas condi¢des sdo necessdrias para a existéncia “cldssica” das
integrais (11.1) e (11.2). Por outro lado, o tratamento de transformadas de Fourier
utilizando distribuicdes (Richards e Youn, 1990; Saichev e Woyczyniski, 1997)
mostra que nds poderemos tomar liberdades considerdveis com transformadas
de Fourier e ainda assim obter resultados corretos. Mas vamos aos poucos.
Calculemos a transformada de Fourier da derivada de f(x), integrando por partes:

dfy 1 [ . df
U G ikx J 4
y{dx} 29‘[_[00 T
+00

= % [e_ikxf(x) + (ik)[ f(x)e_ikx dx] ;

—00

usando (11.4),

df _ ik e —ikx
y{a}—gv/_w f(x)e k dx

= ik f(k). (11.6)

E € claro que isso pode ser estendido para a n-ésima derivada:

n
F {d s } = (ik)" f (k). (11.7)
dxn
Juntas, a propriedade de linearidade (11.3) e a férmula para as derivadas
(11.7) vao permitir transformar equagdes diferenciais em algébricas. Esse € um
dos grandes poderes da transformada de Fourier.
Uma relacio oposta a (11.7) é ocasionalmente util:

AR eed]
g-1]2\ _ +ikx =J
F {dk} [00 e P dk

= [e+ika(k) — (ix) / h Fk)etikx dk}

+00
b

(%)
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usando (11.5),

F! {j—{} = —(ix) [ h F(k)et* dk

= —ixf(x).

Novamente, isso pode ser estendido para a n-ésima derivada:

F! {jkf } = (—ix)" £ (x).

11.4 Um grande problema

Utilizando a transformada de Fourier, resolva

dc ¢
—=D—, —00 < x < +00,
ot 0x?

c(x,0) = %5@).

83

(11.8)

(11.9)

Nas equacgdes acima, M representa uma massa de soluto injetada instantanea-
mente em x = 0; A possui dimensao de drea, para fazer com que ¢ possua dimensdo

de concentracio volumétrica (M L.
A transformada de Fourier da equagdo diferencial é
dc 2~
— = (ik)"D
5 = Gk)De

Note que usamos uma derivada ordindria em relacdo ao tempo, pois embora ¢ seja
funcdo de k e t, ndo hd derivadas de ¢ em relacdo ao nimero de onda k. A EDO

acima ¢ de facil solucgdo:
— —~ _ 2
ok, t) = coe PKE.

Agora,
M +eo . M
=~ _ 5 —ikx dx = ,
0= A /_m (e dx =52
donde

- M _pe
lk, 1) = 5 —e P,

Agora, do nosso primeiro exemplo de célculo de transformadas de Fourier, sabe-

mos que
Zﬁe_(i)z o e_k24a2’
a
—1 e_(§)2 «— ie_#‘
aym 21
Logo,
a2
Dt = E,
a’ = 4Dt,
a = 2VDt,
(0. 1) M x2
c(x,t) = ————¢ 4Dr m
AV4nDt
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11.5 O Teorema da convolucao

A convolugdo entre as fungdes f(x) e g(x) (no sentido da transformada de Fourier;
nao confundir com a operagao de convolugdo associada a transformada de Laplace)

z

€

(Froltd= [ fee- e (11.10)

Teorema 11.2 (Teorema da convolucio).

F{f * g} = 2 f(k)glk). (11.11)

A transformada de Fourier da convolugdo é

1 +00 . +00
Fireaw=5 [ e® [ fa-pgmaar  an
xX=—00 y=—00
Faca
s=xoy o x=ihy (11.13)
n=y y=1

Nesses casos, sempre comece calculando o jacobiano! O jacobiano da transfor-
macao de varidveis é

ox Jy
A y)| _ o oE|_ |1 0| _
‘5(5,17) C|ox gy ; (19
dn  dn
Continuando,
1 +00 +00 P B a(x’ y)
FUr® =5 [ [ et 720 g
f*g 2 N F(&g(n aE.n)| 3
1 +00 _jk‘f 1 +00 _ik’]
=on|5- [ f@eMaE| |5 [ gme™ay
T E=—00 T n=—c0
=2nf(k)g(k) m
O Teorema da convolugdo possui uma versdo “inversa’:
Teorema 11.3 (Teorema da convolucdo, versao inversa):
77 fto « g} = fegeo). (11.15)

Um dos aspectos mais interessantes da operacdo de convolucio € o seu uso
na definicdo e uso de filtros. Tecnicamente, a filtragem de uma func¢io ¢ com um
filtro G é dada pela operagao

30) = / "Gl — HPE) dE = Glx) » $(x). (11.16)

(o)
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Em (11.16), nés vamos supor que
G(£o0) = 0. 11.17)

Um fato importantissimo € que a operacao de filtragem comuta com a derivada em
relacdo a x:

dp d [+ d
ﬁ -2 / Glx = E)PE) dE = - [G(x) * ()]

o0

_ [T6 -9 Y B G 9)
- [ g0 - [ |- g

(o] §
+oo +00 d
--c-pp0|  + [ ow-pta
fmoo oo dg
Em virtude de (11.17), _ .
9 _ o399
dx Gk dx  dx’ (11.18)
E trivial mostrar que N -
d"¢ _ . d*¢ _d"¢
=G = (11.19)

Uma aplicacdo particularmente poderosa de filtragem € a utilizacdo de solucdes
envolvendo a delta de Dirac para gerar solucdes mais gerais. Por exemplo, con-
sidere o problema

ap Py~
e D@, d(x,0) = f(x), —00 < X < +00,
Sabemos que
P(x,t) = e 7,
V4nDt
é solucdo de
0 2
09 _ 9%
ot 0x?
$(x,0) = 5(x).

Aplicamos agora a convolugdo com f(x) a todas as linhas acima:

99 N
E*f(x)—Dﬁ*f(x),
ap 9%
ot ox?

$(x,0) = (x,0) x f(x) = 5(x) * f(x) = f(x).

Mas esse € exatamente o problema que desejamos resolver. Logo,

)= g0 f00 = [ e 0 at
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11.6 O Teorema de Parseval

O Teorema de Parseval € a contrapartida da igualdade de Parseval para séries de
Fourier.

Teorema 11.4 (Teorema de Parseval). Se f(x) e g(x) sdo duas fungdes reais da
variavel real x,

[ f(x)g(x)dx = 2n F(=k)gik) dk.

—00

A prova parte de

]?(—k) = %‘[ f(x)eikx dx, glk) = %[ f(x)e—ikx dx.

(%)

Entao,

[ F=k)gi) dk = / T [ fetaxa

k— x=—00
L / £(x) / ™ Get dk dx
- 2i g dx m

T Jx=—c0

11.7 A férmula da inversa da transformada de Laplace
Considere a identidade

too . +00 1 +00 ) )
F(t) = / F(w)e''dw = / [2— / F(t)e ! dt} el dw. (11.20)
— —00 T t=—00

(o8]

Suponha agora
t <0,

0,
ko) = {e‘”f(t), t>0.

Suponha também que f(t) seja “de ordem exponencial”: f(t) < Ke®!, paray > c;
entao,
e VI f(t) < Kel“V! = Ke= =9

quando t — oo.
Agora, de (11.20),

1 +00 [ (o] . .
e VI f(t) = 2—/ / eV f(t)e @t dt| et do,
TJo t=0

—(y+1co)t +(y +iw)e

f(t):%/ /f(t)e =s dt|e =s dw.

=—00

Fazendo s = y + iw e notando que w estd variando para y constante, ds = idow =

f(t) = — Y+n>o l/ f(t)e™* dt} ds,

21 s=y—ioco
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e isso define a férmula de inversio:

Fs) = / " fwetr, (1121
0
f) = ﬁ / :i:w e™s f(s)ds. (11.22)

Todas as singularidades de ?(s) devem estar a esquerda daretaz =y.



Lesson 12

Difusao turbulenta

Em um escoamento turbulento, nem sempre estd claro o que queremos dizer com
uma “particula”. Em particular, existe uma grande de riquezas em escoamentos
turbulentos “plenamente desenvolvidos”, e uma forma de lidar com essa multi-
tude de escalas € definir algumas grandemente diferentes. A escala integral é
definida matematicamente em termos da fun¢do de autocorrelagdo o(x) (em geral

da velocidade longitudinal):
(= / o(x) dx.
0

A microescala de Taylor A € definida em termos da curvatura de o(x) na origem:

d?p
dx?

_2
A x:O'

Finalmente temos a microescala de Kolmogorov:
3 .\1/4
n=0>/e)'/"

As particulas cldssicas de Mecénica dos Fluidos tém que ser de tamanho 1 (ou
menores): elas s6 “veem” difusdo molecular, e campos suaves a seu redor. Ja
“particulas” de tamanho A ou ¢ veem difusdo turbulenta, € um mundo considerav-
elmente mais “agitado” em seu redor.

Introduzimos aqui, agora, o conceito de “difusividade turbulenta”. Se F é o
fluxo turbulento de um escalar cuja concentragdo € c, a difusividade turbulenta K
desse escalar em um ponto do escoamento € definida via

- oK de
=-—p &
As barras sobre as varidveis indicam médias de Reynolds (1895). Em geral a
difusividade turbulenta € modelada utilizando-se ideias dimensionais simples, tais
como
K =co,,f,

onde o,, € uma escala de velocidade (por exemplo, neste caso estamos pensando
no desvio-padrio da velocidade vertical), e ¢ € uma constante adimensional. O
fluxo turbulento, ele préprio, € em geral definido em termos de covariancias com
a velocidade vertical, como em
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Prosseguimos agora para a Teoria de Difusdo Turbulenta de Taylor. Fazemos
isso acompanhando uma particula (no sentido de Kolmogorov!) lagrangeana-
mente:

t
Z(t)=Z(0) + / W(r)dr.
0
Sem perda de generalidade, suponhamos Z(0) = 0 (sempre), e
Z(t) = 0.

Nossas médias agora devem ser consideradas também de um ponto de vista la-
grangeano, como médias sobre um grande nimero de particulas. Se Z;(t) € a
posicdo da i-ésima particula e estamos lancando um nimero N muito grande
delas,

N
Z(t) = > Ziw).
i=1

Consideremos agora o desvio quadratico médio de Z(¢) em relagdo a origem.
Claramente, isso € uma medida de quanto o conjunto de particulas ird se “dispersar”
em torno da origem. Interessam-nos as quantidades

7200, % [ZZ(t)] .

Prosseguindo,
d 5= dz
— | Z3(t ] =27Z(t)—.
dt [ ®) ( )dt
Mas
dz
W) = —;
1) =4,
t
Z(t) = W(t")dt'.
/=0

Segue-se que

% [ZZ(t)] = 2Z(OW (D)

:2[ t W(t’)dt’] W(t)
t’'=0

=2 /0 W)W () dt'.

Agora, se W(t) for um processo estocastico estaciondrio,

WiHwWi) =wWOwW@E -t') =

% 220 =2 /O WoOWG-r)dr.

Para prosseguirmos precisaremos agora introduzir a fungdo de autocorrelagcdo
lagrangeana:

or(r) = ;W(t)W(t + 1),
W2

em que estaremos supondo que W2, ao contrério de Z2(t), ndo depende de t (que
¢ a mesma hipétese de estacionariedade de W(t) que fizéramos antes.
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Com isso, temos agora:

S |7w]| = 2w /0 ou(r)dr:

_ pt t’
Z%(t) = 2W2/ / or(r)drdt’.
0 0

Prosseguimos, integrando por partes:

£t = /0 oL(r)dr;

/f(t’)dt’:t’f(t’) —/ t'or(t')dt’; =
0 0 0

Zz_(t) = 2w2 [t /(;t or(r)dr — ‘/Ot t'or(t") dt']
= 2w2 [t'/Ot or(r)dr — /Ot tor(r) dr]
= Zth/‘t (1 - ;) or(r)dr.

0

Prosseguimos agora com uma andlise assintdtica. Para valores pequenos de t:

O0<r<t=po(n)=1=
t
t
/ (l—z)dr=—,
0 t 2

t pequeno: Z2(t) ~ W22,

donde:

Por outro lado, considere a definicao da escala integral lagrangeana:

7 = / o1(r)dr.
0

Consideraremos que ¢ € “grande” quando ¢t > 7;. Desejamos provar que

t
) T
lim —or(r)dr = 0.
t—o0 0 t
Também vamos precisar, a rigor, do Teorema Ergodico: se W(t), além de ser um
processo estaciondrio, for ergddico, entdo teremos que

lim or(r) = 0.

2016-05-08T13:39:25 A deducdo a seguir estd totalmente errada. Para corrigi-
la, precisaremos de:

(Zwillinger, 1992, 11.16, p. 65)

(Comparison test for convergence) Let f(x) and g(x) be continuous for a <

x <bwith0 < |f(x)] < g(x). If /a b g(x) dx converges, then fa b f(x) dx converges,

and , ,
0< / f(x)dx S/ g(x)dx.
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Na linguagem de €’s e §’s, o limite acima significa o seguinte: dado qualquer
d > 0 (tdo pequeno quanto desejarmos), € sempre possivel achar um ts tal que
T>ts = |o(r)] < 6.

Agora, dado um valor ¢t qualquer (“arbitrariamente grande”), escolhemos

yz
5=t—2.

Em seguida, dividimos a nossa integral em

ts T
=[] e
0 t
bir
L= / —Q(T)| dr.
ts t
Sabemos agora que
t t
’/ EQL(T)dT S/ EQ(T)| dr
ot o It
<L +D.

Mas:

t5T
hs/'ﬂMﬁm

t 2
S ts ts
< —dr:T—>0quandot—>oo.
0

Por outro lado,

T 4
—7[ —t—‘jﬁOquandotaoo.

Consequentemente, quando ¢t > .7, podemos usar
t

lim (1 - ;) or(r)dr = /) or(r)dr = I;

t—o0 0

entao,

Z2(t) ~ 2W2t T} u
Em resumo, nossos resultados sdo:
Z™MS = W, t< I,
Z™ = WS\ 71, t< T}
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Agora nés mudamos nosso foco para o caminho de particulas lagrangenas.
Cada particula tem uma funcao temporal de posi¢ao do tipo

x = X(&,1).
Nesta equacio, ¢ € a posicdo da particula em ¢t = 0. Em outras palavras,

£ =X(£,0).

Portanto, em ¢t = 0 X € a identidade. Agora, na auséncia de difusdo, a equagao de
transporte de um escalar cuja concentragdo € ¢ é

E_@ﬁ- 2—0
Dt Ot ”lax,-_‘

A solucdo dessa equacgdo é
c(X(&€, 1), 1) = c(£,0).

Neste ponto, precisamos introduzir a funcdo densidade de probabilidade P(x, t|£).
Ela da a densidade de probabilidade de que a particula, partindo de £ em ¢ = 0,
alcance x no instante ¢. O valor esperado da concentracdo em (x, t) serd entdo,
simplesmente,

0= [ oE0PEASEE,
£cR3
Em particular, se toda a massa M do escalar estiver concentrada em & = 0,
c(£,0) = M5(8);
= [ M@ rlexe
£eR3
= MP(x, t|0).

Em uma dimensao, devemos nos lembrar de que

t
Z(t) = / w(t")dt'.
/=0
Nos interpretaremos a expressdao acima utilizando o Teorema Central do Limite,
de forma muito pouco rigorosa. Nés vamos considerar que Z(t) é uma variavel
aleatéria produzida pela “soma” de um grande nimero de varidveis W(t’). Pelo
Teorema Central do Limite, Z(t) deve ter distribuicdo normal. Mas nds ja sabemos
que o valor esperado de Z(t) é zero, e que seu desvio-padrdo é Z™$. Para tempos

“grandes”, faremos
Z"™ =67 = 0,29 1.

Admitindo em seguida que Z seja uma varidvel aleatdria gaussiana, obteremos,
imediatamente,

_ M z?
c(z,t) = N exp 5.7
T[O-Z VA

Esse resultado pode ser facilmente generalizado para 3 dimensoes:

& ) M x? y? z?
cx,y,z,)= —— exp|———|exp | -=Z=|exp | -—| .
y (2n)320xoyoy P 20)2( P 2012, P 20%
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Por outro lado, no nosso capitulo passado (sobre a Transformada de Fourier),
nés encontramos a solugao do problema difusivo

ac 8% ,
o~ N DM@ D =0
elaé
) = [ z ]
cl\z, = ———eX —
ViKont P74k

Constatamos, com grande satisfacdo, que as soluc¢des lagrangeana e euleriana do
problema t€m a mesma forma! Isso nos permite escrever uma expressao para a
difusividade turbulenta K. Para que os resultados sejam iguais,

207 = 4K, t,
AW2 Tt = 4Kt
K,, =W27, u

Na sequéncia, nés vamos “construir’” uma série de solucdes de problemas de
dispersao baseadas na técnica que apresentamos. Nossa primeira adaptacdo serd
considerar o problema permanente

_0e _ o 9%t

U — = —.
ox  Foz2
Formalmente, esta € uma equacdo de difusdo similar a anterior, porém com ¢
substituido por x/u. Nossa condic¢do inicial, entretanto, precisa ser especificada
agora em x = (. Ela serd (Kumar e Sharan, 2010, eq. (2.5))

Ax=0,2) = %5(2).

No6s podemos encontrar uma primeira solu¢io para uma injecao continua de massa
de poluente q ([¢] = MPT‘I) por meio de substitui¢cao simples:

2
_ q _ z
c(x,z) = ——————exp|-u .
UAnK,, (x/a) 4K, x

Esta é uma expressdo muito mais “util” em estudos de dispersdo, que em geral
sdo feitos para periodos de cerca de 1 h em condigcdes “permanentes”. A sua
generaliza¢do mais ou menos 6bvia para incluir o eixo dos y’s é

c(x,z) = g ex[ ﬂ(y2+22)]
’ 4T[x\/KnyZZ P 4x Kyy K. )|

Difusao longitudinal: considere agora

dge  _dc _ . d%c
Zia= = iy
at T ox 7 ox?
M
c(x,0) = —68(x).
(x,0) = —-8(x)
Podemos tentar “adivinhar a solucdo” argumentando que, se u for constante, no
sistema de coordenadas x” X t com

x ' =x-ut
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nds voltamos para a equagao de difusdo pura

I _
ot

0’y

xx axlz .

Vamos tentar ganhar algum insight. Sejam

x = x’ + ut,
x(x’,t) = c(x’ + ut, t),
——
Ox(x',t) dc  Oc dx
ot ot Ox ot
dx(x',t) Oc dc
—_ = u_;
ot ot ox
%y 3 d%c
ax? T axt
Portanto, de fato teremos
X _g X
at XX 8x/2,
M
F(x',0) = &(x,0) = —6(x)
A solugio € a conhecida
(ot (x) ]
x',t) = exp |— ;
X( ) AVAK, o7t P [ 4K it
e t) M . (x —ﬂt)z}
c(x,t) = Xp | — .
AVAK Tt P 4K xt
Finalmente, para a equacdo
dge 0t _ . a%*c . a%*c
J— u—= _ —,
ot ox  Tox2 T oz2
M
c(x,2,0) = —dx6z
Ly
poderemos “adivinhar” a solug¢ao
M —ut 2 2
c(x,z,t) = exp (e — ut) + id ?
Ly\/4T[Kxxt\/4T[Kzzt 4K it 4K t

Aparentemente nao, e ela estd errada.



Lesson 13

Um problema parabdlico
cilindrico

Considere um anel cilindrico com altura h, raio r, e espessura Ar “cravado”
(virtualmente) no solo. A equacdo de balanco de massa para este volume de

controle é P
—/pdV%—}é‘p(n-u)dS =0. (13.1)
ot Jy s

A massa de dgua dentro do anel é

/pdV = fp(2nrArh), (13.2)
v

onde p é a massa especifica da d4gua (aqui suposta constante), e f € a porosidade
do solo.

Suponha por simplicidade que o fluxo médio u € horizontal e perfeitamente
radial, sendo dado pela lei de Darcy na forma

oh
=k 13.3
u o (13.3)

A integral de superficie serd entdo

j{p(n cu)dS = an{[—shka—h} + [shka—h} } (13.4)
S s s=r+Ar s s=r

Donde

|+ Arh(h + Ark G — )i 250 |
Ar

2 onfprh) =
oh 9 [ ko

o2 13.
ot —or | for (13.5)

Esta é a equacdo de Boussinesq, ndo-linear, para escoamento em solo. A lineariza-
¢ao0 6bvia aqui € fazer h = h no termo intermedidrio do lado direito, obtendo-se

6h_1£[hk ah] 136)

5 " ror | T ar

A partir deste ponto fazemos a? = hk/ f, e nos concentramos na solucdo de um
problema linear. O problema que escolhemos € manter um cilindro de raio b e
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altura H de solo inicialmente seco, rodeado por solo uniformemente saturado até
a altura H. O problema se torna

= ra

ot ror

com

h(r,00=0, 0<r<b,

h(b,t) = H,
0h(0,1)
=0.
or

Uma das condi¢des de contorno (em r = 0) € homogénea (derivada nula), mas a
outra (em r = b) ndo. Isso entretanto pode ser facilmente remediado, fazendo

h(r,t) = H+u(r,t),

o que produz
ou 212[ au]

a ¢ r or VE
e
u(r,0) = —H, 0<r<hb, (13.7)
u(b, t) = 0, (13.8)
0.0 _, (13.9)
or
Substituindo
u(r,t) = RT

na equagao diferencial,

ot ror| or
2 ’
RT,:a_arTR
r Or
a?T d [ dR
T = —— |r—
R r dr _rdr
177 1 d] dR _
a2 T rRdr PP I

O sinal de menos em A € arbitrario. Seria possivel atacar diretamente o problema
de Sturm-Liouville em R; resolvendo em vez disso para T, entretanto, obtemos

T(t) = Tye ",

Usar A < 0 produz uma solug@o que explode quando ¢t — oo, 0 que ndo € fisico;
usar A = 0 produz uma solucdo independente de ¢, o que também nao é. Portanto,
usaremos A > 0. O problema de Sturm-Liouville em R sera

+ ArR =0,

rdr

d[dr
dr
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com condicdes de contorno homogéneas padrio:
OR(0)
or
R(b)=0

¢ evidente que, na forma padrdo da equagdo de Sturm-Liouville, temos p(r) = r,
q(r) = 0 e w(r) = r. Expandindo,

que deve ser comparada a equacdo geral de Bessel de ordem p:
dy ldy /12
— 4+ - 1-= 0
dx?  xdx ( v

Fazemos portanto A = k?, e dividimos a equagdo em R por k:

d’R .\ 1 dR R
d(kr)?>  (kr)d(kr)

que estd, agora, na forma de uma equacao diferencial de Bessel de ordem zero.
A solugdo geral é da forma

=0,

R(r) = AJy(kr) + BYy(kr),

e deve atender as condi¢des de contorno homogéneas. Vamos nos recordar das
formas de Jo(kr), e Yy(kr).

A figura 13.1 mostra as fung¢des Jy e Yy. Yo(kr) possui uma singularidade
logaritmica, e ndo pode atender a condicdo de derivada nula em r = 0, a ndo
ser que B = 0. E quanto a derivada de Jy em r = 0?7 Uma rédpida consulta a
Abramowitz e Stegun (1972) (equagao 9.1.10) fornece a série

2 14\k

Os expoentes de x sdo todos pares; Jo(x) € uma fungdo par, e Jj(0) = 0. Por-
tanto, Jo(kr) atende a condicdo de contorno em r = 0. A condi¢do de contorno
homogénea em r = b requer

Jo(kb) =0

Os autovalores A, = k2 serdo os zeros da fungiio de Bessel de primeiro tipo, e
ordem zero. Os 20 primeiros autovalores sdo dados por (Abramowitz e Stegun,
1972, Tabela 9.5, 12 coluna) e reproduzidos na tabela 13.1

Com os autovalores em maos, nds prosseguimos para obter a solucdo em série
do problema. Ela serd

h(r,t) = H+ )" Ane™ % Jo(kyr)
n=1
Em particular, como os kb sdo os zeros de Jo(x),

h(b,t) = H + ZAne_k'zl(XZt]O(knb) =
~———
=0

n=1
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Figure 13.1: Fungdes de Bessel de ordem O
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Table 13.1: 20 primeiros zeros de Jy(x).
kob | n k,b

1 2,4048255577 | 11  33,7758202136
2 5,5200781103 | 12 36,9170983537
3 8,6537279129 | 13 40,0584257646
4 11,7915344391 | 14 43,1997917132
5 14,9309177086 | 15 46,3411883717
6 18,0710639679 | 16 49,4826098974
7
8
9
0

S

21,2116366299 | 17 52,6240518411
24,3524715308 | 18 55,7655107550
27,4934791320 | 19 58,9069839261
30,6346064684 | 20 62,0484691902

Finalmente, precisamos calcular os coeficientes A,, o que fazemos impondo a
condicao inicial do problema:

h(r,0) = H+ )" AJo(knr) = 0

n=1

D Anolknr) = —H
n=1

© b b
an [ rhtarioknr dr = <H [ i) dr
n=1 0 r=0

r=l

b b
Am/ rjg(kmr)dr = —H/ rJo(kmr)dr.
r=0 r=0

A 1ltima linha foi obtida, como de costume, invocando a ortogonalidade das
autofuncdes do problema de Sturm-Liouville.

Para calcular as duas integrais restantes, sdo necessarios dois resultados padrao
da teoria de funcdes de Bessel. O primeiro € (Jeffrey, 2003, 17.13.1.1-4)

1
1
[ xi@a =32, 1@ =o.
0
Fazendo r = xb, dr = bdx, (e impondo k,,, = a/b na segunda linha abaixo):

b
TR = lp
| phap G = 3@

b 2 b
/—0 rJ (kmr)dr = Ejnﬂ(kmb)'

Ja para a integral do lado direito, nds aplicamos diretamente a férmula (Jeffrey,
2003, 17.12.1.1-1)

/ () dx = < (ax) =

b b
/ k) dr = 2= i(knb),
0 m
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donde

b, b
Am?.ll (kmb> = _Hk_Jl(kmb),
o
" kb Ji(kmb)

2_H - e_krzﬂxzt ]O(knr)
b KnJ1 (knb) "

n=1

h(r,t)=H -



Lesson 14

Introducao ao método das
caracteristicas

Considere a equacao diferencial parcial de ordem 1

ou ou

-~ —_ = 14.1

ar oo = (14.h
u(x,0) = g(x) (14.2)

com ¢ = constante. Suponha que ¢ = T(s), x = X(s), e aplique a férmula da
derivada total; com u = U(s), temos:

dUu 3 oudT OudX

ds At ds * Ox ds (14.3)
Comparando (14.1) com (14.3):
dT
T-y (14.4)
dx
el c, (14.5)
dU
Rl 0, (14.6)
com
U(s = 0) = u(X(0), T(0)) = g(X(0)). (14.7)
A integracdo de (14.4)— (14.6) produz
T(s) =s+ T(0); (14.8)
X(s) = es + X(0); (14.9)
U(s) = cte = U(0) = g(X(0)). (14.10)

Na figura 14.1, note que € razodvel fazer T(0) = 0, ou seja: impor que as origens
de t e de s coincidam. Mas agora a maquina do cdlculo diferencial e integral entra
em acdo, e nds nos tornamos apenas mecanicos!

u(x,t) = U(s)
= 9(X(0))
= g(X(s) - c5)
= g(x —ct). (14.11)
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t=T(s)

x = X(s)
X(0)

Figure 14.1: O método das caracteristicas para a propagacdo de uma onda com
celeridade constante c.

A solugdo é uma equagdo de onda: a forma da condicao original, g(x), simples-
mente se translada ao longo do tempo: veja a figura 14.1.

Resolva
ou ou

—_— + —_—
ot ox
com o método das caracteristicas.
Facau = U(s), x = X(s) e t = T(s) e escreva a derivada total:
dU Ou dT OudX
ds ot ds 6x ds”’

= xt, u(x,0) = g(x)

Comparando,
dU
T = XOTE).
dT
— =1,
ds
dX
a = T(S)
Resolvendo o sistema acoplado,
T(s)=s=t;
X s
ds 7
1
X(s) = 532 + X(0),
dUu 1
a = |:532 +X(O)] S,
13
= Es‘ + X(0)s;
1
U(s) = §s4 ( ) s? + U(0).

Mas:
Uu(0) = U(X(O) 0) = 9(X(0));

Us) = g5 + S22 4 gx(0).
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Basta agora escrever:

X(0) = X(s) — %32,

1 X(s) = (1/2)s?
U@):§&+f—9LéJLEl§+g(wg—(umﬁy
u(x,t) = t*/8 + (xt2/2) — (t*/4) + g(x — t*/2) u

Resolva

ou + xza—u = —yu

O0x dy v

com o método das caracteristicas.

Facau = U(s), y = Y(s) e x = X(s), e escreva a derivada total:

u(0,y) = f(v),

dU  dudX N oudY
ds  dxds Odyds’
comparando,
dUu

A —Y(s)U(s),

dx
ds
dy

_ 2
o X(s)~.

Resolvendo agora o sistema acoplado, impondo X(0) = 0,

X(s) =s;
vy

— =5
ds ’

Y(s) = %é +Y(0);

du
< =
du
&=
U(s)
U@

In

1,
- 33 + Y(O)] U(s),

1
- §s3 + Y(O)] ds,

1
- »Es + Y(O)s] .

A condicdo inicial U(0) é obtida “mecanicamente”:

U(0) = u(0,Y(0)) = f(Y(0)) = f(y - x°/3),

onde nds ja substituimos x = X(s) = s. Utilizando Y(0) mais uma vez:

12

u(x,y) = f(y - /3 exp [—ix“ (- x3/3>x}

= fly—x*/3)exp

4

1
-yx + —x4] L

103

A “condicdo inicial” do método das caracteristicas ndo precisa ser em t = 0.

Considere o seguinte problema:
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Seja

comu = lnacurval : x+¢ = 1. Mostre que a solu¢do é U(s) = 1+X°TT° [ezs - 1]
sobre cada curva caracteristica dada por X(s) = Xoe®, T(s) = Toe®, Xo + Tp = 1.
Suponha X = X(s), T = T(s) partindo de um ponto qualquer da curva Xo+Ty =

1 em uma dire¢do transversal 2 mesma. Sobre a curva caracteristica, U = U(s), e
comparamos:

Obtemos:

dx

— =X= X(s) = Xoes,
ds

dT

— =T = T(s) = Tye®,
ds

dUu

d_ =XT = )(()T()ezS = U(s) — Uy = XoTp [625/2 — 1/2] )
S
U0)=1=U=1;

U(s) =1+ XoTp [e*/2 - 1/2],

comXog+Tp=1 m
Considere agora, novamente,

ou ou
- == = 14.12
T + c(x, t)ax f(x, tu ( )

onde c¢(x, t) e f(x,t) sdo fun¢des ndo especificadas de x e de ¢.
Faca u = U(s), x = X(s), t = T(s); entdo,

dU 3 c')udT+6udX
ds  dtds Oxds’

Comparando,
dUu
= = FXE).TEUG).
dT
— =1,
ds

dx
il c(X(s), T(s)).

Como sempre, t = T(s) = s; substituindo em X, temos a equagido de uma linha
caracteristica no plano xt:

dx
L),
@ - XD

cuja solugdo é da forma

t

X(t) = X(0) + / c(X(7), 7)dr.

=0
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Note que essa ultima equacdo ainda € implicita em X(t), mas isso ndo importa!
O importante aqui € que podemos obter em principio uma familia de curvas em
fun¢@o do parametro X(0).

A forma de (14.12) é o mais importante aqui (sem “conhecermos” c(x, t), €
impossivel “resolver” completamente o problema): na préxima se¢do, nds vamos
nos inspirar em (14.12) para generalizar o método das caracteristicas para situacodes
em que u(x, t) é um vetor, e aplicar essa generalizacdo para classificar equagoes
diferenciais parciais.

Utilizando o método das caracteristicas, resolva

E - ﬁk — Pu + vk*u = 0, u(k,0) = f(k)

para u(k, t).
Suponha u = U(s), t = T(s), k = K(s) :

d_U ou dT ou dK
ds Ot ds ﬁk ds’
donde

dT
— =1,
ds

dK
— - _BK,
ds p

du
— = pU - vK?U.
ds

Encontre: T = s (sem perda de generalidade, a constante de integracdo T(0) = 0)
K(s) = £e7Ps. Agora, K*(s) = £2e72P5, e

) § ~2Bs gy
5 - PU-vete
Esta entretanto € uma equacao separdvel:

— ﬁds _ V§2 Zﬁs

/u(§ t) dU / ﬁds sz Zﬁs
(£,0)

In u(§ t) = pt - ﬁ [1 _e—zat]

Gl 28

228t
u(k,t) = f(k)exp [ﬁt - vk ;ﬁ (1 _ e—Zﬁt)]
u(k,t) = f(k)exp [ﬁt - Qﬁt )] .

Resolva a equagdo diferencial

% aK_5/3%—— éx 0{KU3] k,0) = f(x
o Tk P = [3 +2ax )Y Y0) = flo)

(onde o € uma constante, e f(x) ¢ uma condi¢ao inicial conhecida), transformando
o lado esquerdo na derivada total dy//dxk, identificando as linhas caracteristicas, e
integrando.
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Este € obviamente um problema para ser resolvido pelo método das caracteris-
ticas; compare:

_ oy _s;30¢
V=gt g

dy oy drdy
dc 9k dk ot

5
§K_l +2ax!'3

A equagdo caracteristica é

= K

dk
dr = ax 3 dk,

/dt:a/ k=53 dk.
0 X

Note que na notagdo utilizada y € a configuragdo de k em 7 = 0; integrando:

dr -5/3

3
L= a [){_2/3 _ K—2/3] ’

2
2
2T _ X—2/3 _ K23,
3a
2T
-2/3 _ 2T L -2/3
X 3a ko
-3/2
2
X, 1) = i+x-2/3]
3a

De fato: 7 = 0 = y = k. Agora integramos em k:

dy |5 1/3
i [31( + 2ak v,
% =- §K_1 +2ax!'/3 dk,
1 3

Y(k,7) d KI5
/ au _ _/ [—k—l +2ak1/3] dk,
) U x L3

, < dk K
lnm=—§/ ——2/ k'3 dk,
o) 3 X k X
>
3

_EK‘_X

K
X
K\ 3( a3 _ap

'#(K,T):f()()(}) exp l—z (K/ —)(/)] .

Resolva o problema de valor inicial

3xg—z + 33—: = xv, u(x,0) = e

O método das caracteristicas se impde. Se

x = X(s),
y =Y(s),
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s@o as equagdes paramétricas de uma curva no R2,

u = u(x,y) = u(X(s), Y(s)) = Us),

isto é: u = U(s) € uma nova funcéo de s. Escrevemos agora lado a lado a equag@o
diferencial parcial original e a derivada total de U:

ou ou
=3x—+3—,

M=% oy

dU _ Oou dX . oudY

ds 08X ds dYds’

Deste par, obtemos 3 equagdes ordindrias:

dXx

i 3X(s), X(0) = ¢,

dy

E = 3, Y(O) = 05

= X)), U(0) = u(£.0) = .

Que merecem ser integradas:

dX
— = 3ds,
X
X
In — = 3s,
X = §e3s;
Y = 3s;
dU
E = §C3S3S,

U(s) — U(0) = 3¢ /O ) ze3% dz

_((Bs— e + 1)E
= 3 )

Recuperamos agora as varidveis originais:

s=1y/3,

£=x/e* =x/eY;

u(x,y) = U(s) = U(0) + ((3s — 1)e> + 1)¢

3
3s — 1 3s 1
R )_: + ¢
— e—(x/ey)2 + ((y—De¥+ 1) eiy
3

Obtenha ¢(x, t) pelo método das caracteristicas:

o9 09 _ _
E+e a—x, d(x,0) = f(x).
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Faca ¢(x,t) = F(s) sobre x = X(s) e t = T(s):
P(X(s), T(s)) = F(s);

dF  0¢dT = d¢dX

ds  9rds oxds

dr
— =1=T(s) = T(0) +s,
ds N
=0
dx
R

X(s) s
/ dé = / e 'dr,
X(0) 0

X(s) = X(0) = 1 — e = X(0) = X(s) — 1 + 5.

Mas
op 04 _
ot ¢ ax  ©
dF
— =X0)+1-¢7%,
ds

N

F(s)— F(0) = / [X(O) +1- e_m“] dr

F(s)=FO)+(XO0)+ Ds+(e*=1)

F(0) = f(X(0)) = f(x — 1 +€7");
px,t)=F(s) = f(x—1+e H+(x—-1+e '+ Dt+(e"-1)
px,t)= f(x—1+e D+(x+eHt+(e"-1)m

14.1 O método das caracteristicas e a classificacdo de
Equacoes Diferenciais Parciais

Suponha agora que u(x, t) € R?; a generalizacio de (14.12) para duas dimensdes

2

é
ou ou
—+C ’t.—:F s ‘u, 14.13
o+ C(x)- oo = F(ry)-u (14.13)
onde C e F sao tensores, representados por matrizes 2 X 2 em uma base particular.

Supondo como antes que x = X(s), t = T(s), a derivada total de u em relacdo a s é
du  OudT N Ou dX
ds  dtds Oxds’

A comparagdo com (14.13) sugere

dT

o "

L e, o).
S

A segunda equacgdo acima, entretanto, é absurda: o lado esquerdo € um escalar, e
o lado direito é um tensor. E preciso lidar com cada uma das funcdes incégnitas
de u separadamente.

Suponha agora que C possua dois autovetores LI, associados a dois autovalores
A1 e Az. Nesse caso, podemos escrever (14.13) na base dos autovetores como

3 fw] (4 O[3 _ [ anul
alal o allg]- 15 2l

’
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ou
51,{1 51,!1 _
5 + A o = fiiug + fiaug, (14.14)
oun oun
24— = . 14.1
5 + A2 o frur + foun (14.15)

Essa € uma situa¢do muito mais préxima do método das caracteristicas unidimen-
sional que apresentamos na sec¢io anterior. Por exemplo, podemos fazer t = Ti(s),
x = X1(s), u; = Ui(s), e obter

dth _ Om dT, dui dXy
ds ot ds  Ox ds

A comparagao com (14.14) produz

dT,
—1 -,
ds
dX
— = .
ds !

E evidente que o mesmo pode ser feito para (14.15). Isso nos dard duas curvas
parametrizadas em s: (x,t) = (X((s), Ti(s)) e (x,t) = (Xa(s), To(s)). Essas sdo as
curvas caracteristicas do sistema (14.13).

A conexdo com equagdes diferenciais parciais de ordem dois se segue. Con-
sidere uma equacdo diferencial parcial de ordem 2, linear, do tipo

Ay + 2By + Cyy = F. (14.16)

No6s vamos permitir que A, B, C sejam funcdes genéricas de x, y, e que o termo F
seja ainda mais geral. Por exemplo, F poderd conter inclusive derivadas de ordem
1 de ¢. O plano € reescrever (14.16) na forma

0 0

2ic.ZoF

O0x Jdy
Isso pode ser feito com

U= @y e v =gy

donde se seguem duas equacdes acopladas:

Auy +2Buy + Cvy = F,

Ux = Uy;
melhor ainda,

2B C F
Uy + Xuy + Zvy = Z,

vy —uy = 0.
Agora temos a forma “correta’:
0 [u] N [ZB/A C/A] 0

axlo] [ -1 0 oy

u
(%

[
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A matriz da equacio acima possui os autovalores

Dependendo dos autovalores que nés encontrarmos, nés classificaremos a EDP
(14.16) como se segue:

< 0 Elitica,
A=B>-AC{=0 Parabdlica,
> 0 Hiperbdlica.

Vejamos, a seguir, alguns exemplos de interesse pratico em Engenharia.
Classifique e analise a equacgao da difusao,

a9 _ ¢
ot =" ox
Fazendo x = x, t = y em (14.16), temos A = a’, B=0e C = 0. Conse-
quentemente, B> — AC = 0, e a EDP ¢ parabdlica. Existe apenas um autovalor,
A=0.
Classifique e analise a equagdo da onda,

¢ ,0%
a2 ox2’

Agora, A = 2, B=0eC=-1;B2—AC=c*>,caEDPé hiperbdlica.
Classifique e analise a equacgao de Laplace,

02 2
_¢ + % =0

ox?  dy?
ComA=1,B=0eC=1,B2—AC=1,ea equacao ¢ elitica.
Classifique e analise a equacgao de difusdo-adveccio,

%+ o9 Dﬁzo.

u

ot Ox 0x?

ComA=-D,B=0eC =0, B>—- AC = 0, e a equacio é parabdlica.
Exercicios Propostos

Mostre que

Ox

oh_ o [,0n
ot 9dx

¢ uma EDP parabdlica.

oh_ o ohon
At 0x2  IxOox’
0%h 3 oh  Ohoh

ax2 ot Oxox
B2—AC=0-hx0=0mn



Appendix A

Generalized homogeneous
functions

We use some help from Hankey e Stanley (1972):

Definition A.1 A function f(x, x,) is a generalized homogeneous function (GHF)
if there exist two numbers ay, a; such that for all A > 0,

F(A%x1, A% x2) = AY f(x1, x2).

ay is the scaling power of f.

Hankey e Stanley (1972) show (trivially, almost) that a GHF is either scale-
invariant,

FQA% %1, A%x2) = f(x1,x2),

or else one can choose a; and a, such that

F(A%x1, A%x3) = Af (x1, x2).

111



Bibliography

Abramowitz, M. e Stegun, 1. A., editores (1972). Handbook of mathematical
functions. Dover Publications, Inc., New York.

Bear, J. (1972). Dynamics of Fluids in Porous Media. Dover Publications, Inc.,
New York.

Bird, R. B., Stewart, W. E., e Lightfoot, E. N. (1960). Transport phenomena. John
Wiley and Sons, New York.

Boussinesq, J. (1903). Sur le débit, en temps de sécheresse, d’une source alimentée
par une nappe d’eaux d’infiltration. C. R. Hebd. Seances Acad. Sci, 136:1511—
1517.

Browers, H. J. H. e Chesters, A. K. (1991). Film models for transport phenomena
with fog formation: the classical film model. International Journal of Heat and
Mass Transfer, 35(1):1-11.

Brutsaert, W. (2005). Hydrology. An introduction. Cambridge University Press,
Cambridge, UK.

Chor, T., Dias, N. L., e de Zarate, A. R. (2015). New analytical solutions to the
nonlinear Boussinesq equation for groundwater flow. Proceeding Series of the
Brazilian Society of Applied and Computational Mathematics, 3(1):010526-1
- 010526-6.

Chor, T., Dias, N. L., e de Zarate, A. R. (2013a). An exact series and improved
numerical and approximate solutions for the Boussinesq equation. Water Resour
Res, 49:7380-7387.

Chor, T. L. G. (2014). Novas solugdes analiticas para a equacdo ndo-linear de
Boussinesq para dguas subterrdneas. Tese de Mestrado, Programa de Pds-
Graduacdo em Engenharia Ambiental. Universidade Federal do Paran4.

Chor, T. L. G., Dias, N. L., e de Zdrate, A. R. (2013b). Solu¢do em série da equagao
de Boussinesq para fluxo subterraneo utilizando computacdo simbdlica. Em
Anais, XX Simpdésio Brasileiro de Recursos Hidricos, Bento Gon?alves, RS.

Conrad, B. (2005). Impossibility theorems for elementary integration. Em
Academy Colloquium Series. Clay Mathematics Institute, Cambridge, MA. Li-
ouville’s Theorem.

Dias, N. L. (2013). Research on atmospheric turbulence by Wilfried Brutsaert and
collaborators. Water Resour Res, 49:7169-7184.

112



BIBLIOGRAPHY 113

Dias, N. L. (2017). An introduction to mathematical methods for engineering
(in Portuguese). Author’s edition, Curitiba. available at https://nldias.
github.io/pdf/matappa-1led.pdf.

Finnigan, J. (2006). The storage term in eddy flux calculations. Agric For Meteorol,
136:108 — 113.

Fox, R. W., McDonald, A. T., e Pitchard, P. J. (2006). Introduction to Fluid
Mechanics, 2004. John Wiley & Sons, Inc.

Hankey, A. e Stanley, H. E. (1972). Systematic application of generalized homo-
geneous functions to static scaling, dynamic scaling, and universality. Physical
Review B, 6(9):3515.

Jeffrey, A. (2003). A handbook of mathematical formulas and integrals. Academic
Press, San Diego.

Katz, V. J. (1979). The history of Stokes’ theorem. Mathematics Magazine,
52(3):146-156.

Kumar, P. e Sharan, M. (2010). An analytical model for dispersion of pollutants
from a continuous source in the atmospheric boundary layer. Proceedings of
the Royal Society A, 466:383—406.

Kundu, P. K. (1990). Fluid Mechanics. Academic Press, San Diego.

Liouville, J. (1833a). Premier mémoire sur la détermination des intégrales dont la
valeur est algébrique. Journal de I’Ecole Polytechnique, XIV:124—148.

Liouville, J. (1833b). Second mémoire sur la détermination des intégrales dont la
valeur est algébrique. Journal de I’Ecole Polytechnique, XIV:149-193.

Liouville, J. (1833c). Note sur la détermination des intégrales dont la valeur est
algébrique. Journal fiir die reine und angewandte Mathematik, 10:347-359.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., e Flannery, B. P. (1992). Nu-
merical Recipes in C; The Art of Scientific Computing. Cambridge University
Press, New York, NY, USA, 22 edicdo.

Reynolds, O. (1895). On the dynamical theory of incompressible viscous fluids and
the determination of the criterion. Philos. Trans. R. Soc. Lond. A, 186:123—-164.

Reynolds, O. (1900). On the extent and action of the heating surface of steam
boilers, Proceedings of the Literary and Philosophical Society of Manchester,
Vol X1V, session 1874-5. Em Papers on Mechanical and Physical Subjects,
paginas 81-85. Cambridge University Press.

Richards, J. I. e Youn, H. K. (1990). Theory of distributions. A nontechnical
introduction. Cambridge University Press.

Saichev, A. I. e Woyczynski, W. A. (1997). Distributions in the physical and
engineering sciences. Birkhduser, Boston.

Tennekes, H. e Lumley, J. L. (1972). A first course in turbulence. The MIT Press,
Cambridge, Massachusetts.


https://nldias.github.io/pdf/matappa-1ed.pdf
https://nldias.github.io/pdf/matappa-1ed.pdf

BIBLIOGRAPHY 114

van Dyke, M. D. (1964). Perturbation methods in fluid mechanics. Academic
Press, New York.

Zwillinger, D. (1992). Handbook of Integration. Jones and Bartlett, Boston
London.



	Diffusion and tensors
	Einstein notation, and tensor notation
	Material balances: conservation of mass

	Diffusion, continued
	The advection-diffusion equation (finally)
	More sophisticated ideas and tensors

	Similarity transforms for diffusion
	A classical problem: the Boltzmann transform
	The diffusion equation in ()
	Sutton's problem

	Matched asymptotics and singular perturbation
	The stream function and the elimination of pressure
	The Navier-Stokes equations
	Elimination of pressure
	The stream function

	The Blasius boundary-layer solution over a flat plate
	Posing the problem
	Non-dimensionalization of the Navier-Stokes equations for the flow over a flat plate
	An outer solution
	An inner solution

	The Boussinesq equation
	Misturas binárias
	Boltzmann e Boussinesq
	Um problema não linear
	A equação de Boussinesq não-linear
	A regra de Leibniz

	A Transformada de Fourier
	Definição e o teorema da inversão
	O cálculo de algumas transformadas
	Linearidade; a transformada das derivadas
	Um grande problema
	O Teorema da convolução
	O Teorema de Parseval
	A fórmula da inversa da transformada de Laplace

	Difusão turbulenta
	Um problema parabólico cilíndrico
	Introdução ao método das características
	O método das características e a classificação de Equações Diferenciais Parciais

	Generalized homogeneous functions

